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In this paper, we enlarge the class of b-metric spaces by considering the class of extended partially
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and improves many results of the existing literature. We, also furnish examples to support the
genuineness of our results.
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INTRODUCTION real number. Let d : XXX — R* be a function satisfying the

The fixed point theory is very important concept in mathematics.
In 1922, Banach [1] proved his classical contraction principle
in the concept of fixed point theory. The investigation of
existence and uniqueness of fixed point for a self mapping and
common fixed points for two or more mappings has become a
very active subject of interest. Later many researchers proved
Banach contraction principle in multitude of generalized
metric spaces. The concept of b-metric space introduced by S.
Czerwik [14, 20], which is the generalization of usual metric
space and generalized the Banach contraction principal in
contrast of complete b-metric space. Ran and Reurings [21]
give the concept of partially ordered metric spaces and some of
its applications to matrix equation. After that, many researchers
[6,8, 11, 12, 16, 18, 19, 22, 23] carried out further studies on
b-metric spaces and partially ordered metric spaces. The aim
of this paper is to establish some fixed point theorems for a
mapping having a monotone property satisfying a contractive
condition of rational type in the partially ordered b-metric
spaces. We, also furnish examples to establish the genuineness
of our results.

2 Preliminaries

The following definitions and results will be needed in what
follows.

Definition 2.1 [20] Let X be a non empty set and t > 1 be any
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following conditions :
() d(x,y)=0iffx =Yy,

(b) d(x, y) = d(y, x),
() d(x,y) <t[d(x, z) + d(z,y)] forall x, y, z e X.

Then the function d is called a b-metric on X and the triplet
(X, d,t) is called a b-metric space.

Definition 2.2 [20] Let (X, d) be a b-metric space, {x } be a
sequence in X and x € X. Then

(a) The sequence {x } is said to be convergent sequence
in (X, d) and converges to x, if for every € > 0 there
exists n, € N such that d(x , x) < € for all n > n, and
represented by lim X, =XOrx —Xxasn-— oo,

(b) The sequence {x } is said to be Cauchy sequence in
(X, d) if for every € > 0 there exists n, € N such that
d(x,, X)) <€ for all n>n, p> 0 or equivalently lim_
L, d(x,, x  =0forallp>0.

n’

(c) X is said to be complete if every Cauchy sequence in
X converges to x € X.

3 Main results

Theorem 3.1 Let (X, d, <) be a complete partially ordered
b-metric space and f : X— X be a continuous non decreasing
mapping. Suppose there exist another mapping ¢, : X X X—

[0, 1) such that
c,(fp, fq) < c,(p, @) forall p,ge Xandi=1,2,3........ 8.
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Also, for all p, q € X with,

d(fp, fq) = ¢, (p, Q)d(p, @) + ¢, (p, Pld(p, fp) + d(q, fq)] + c,
(p, @) ata- - dw.f0 + ¢, (p, q)d(q, fg(d(p, q), d(p, fp)) + ¢,

(p, 9d(q, fp)g(d(p, @), d(p, fq)) + ¢, (p, Q)d(p, @) g(d(p, q), d(p,
fp) + d(q, fp)) + ¢, (p, Qd(q, fp) + ¢, (p, Qd(p, fq).
(3.1)

where g : R"X R* — R" is a function such that g(m, m) = 1, for
allm e R"and

Sup . «[e, (P, @) +c,(p,q) +c;(p, @) +c,(p,q)+cg(p,q) +
e (P, Q1< —

t+1°

If there exists point p, € X with p < fp, then f possesses a
fixed point.

Proof : Let p = fp, then the result is true. Suppose now p, <
fp,. Define sequence {p }in X by

p,.,=fp, foralln=0,1,2,...... 3.2)

Since f'is non decreasing mapping so by induction

P <fp,=p,<fp,=p,<....... <fp,,=p, <1, =P, S e
(3.3)

Suppose for some me N, p_, =p,,thenp  =fp =p_,then
p,, is a fixed point and proof is finished.

Now since p, <p,,, forall ne N, by (3.1),

d(an’ pn+2) = d(fpn’ fan) =c (pn’ pnﬂ)d(pn’ an) + C2 (pn’ an)
[d, p.) * dp,. P+ o P, D)

dPn+1.Pn+1) +dPn.Pn+2) + ¢, (P, p,.)dD,.,» P,.,)ed(P,,
t

p,.)> A, p,.)) * ¢ @, p,.)dP,, p,.)ed®, p,.,) db,
p,.,)) T ¢ (0, p,,)d(Pp,, P,..)gd®, p,, ) d(p,, p,.,) ~
d(,,,» p,.)) * ¢, (., P, )dP,. > P,.) T S @, P, 4P, P,.,)-

<c¢,(, p,.)d®, p,.) + ¢, (P, p,. AP, p,.,) +
d,.,» p,.)] + ¢, (p,> P, IA(P, p,. ) +d(P,.;> P,.,)]
+¢,(, P,,)d(P,.;» P,..) ¢, (0, P,. )P, P,.) T S (PP,
[d(,, p,.) +d(®,.,> p,,)]-

= [Cl (pn’ an) + C2 (pn’ pn+]) * C} (pn’ pn+]) + C6 (pn’ an) +
¢y (P, P, )1 AP, P,y) t S, (P P,y) T €5 (P, Py) €, (P P,ey)
+ CS (pn’ an)]d(an’ pn+2)

=[c,*¢c,tc,t e+, . p)dD, p,,.) *[c,. ¢ F
¢, ¢]p, . £p,)d(,. P,...)

< [Cl * CZ+ C3+ cé + CS](pn-l’ pn)d(pn’ pn+l) + [CZ+ C3+ c4
+ CS](pn-l’ pn)d(pnﬂ’ pn+2)

S [Cl + C2+ C3+ Cs + cg](pos pI)d(pns pnﬂ) + [C2+ C3 + C4
+ ¢ ]y pAP,.;» P,..0)

or d(p, . P,.0) ¢ iund d(p,.p,.,)

¢y tes ey +eg)po.py)

d(p,,»p,.,) <ndp,p,.,)

264

where 0 < p <1, since
Sup e, (P, @) *+c,(p,q) +c;(p, @) e, (p, @)+ (p,q) +

1
¢ (p, Q1 < Tl

Continuing this process, we have d(p_, p,,,) < 1™ d(p,, p,)

Thus for all m > n, where m, n € N, we have,

d(p,,p,) < td(p,, p,,,) +d®,. . P,.,) t e +t™d(p, ., p,)
< [t + epmt + t™u™11]d(p,, p,)
= (1 + tu+ (tp)? +o.. + (twy™'1d(p,» p,)
<tur(1+tp+ (t)? e 1d(p,» p,)

tu”™
Sﬁ d(py p,)

Thus d(p_, p,) — 0 as n — oo for all m € N. Therefore {p } is
a Cauchy sequence. But X is complete b-metric space so there
exist p € X such that

Lim__ _p. =p.

Again letting n — oo in equation (3.2), we have

p=lim  p =lim f(p)={f(lim _ _p)=1(p).

Hence p is a fixed point of X.

Now we give an example in support of theorem (3.1).
Example 3.2 Consider a metric d(p, q) = ‘p —q‘z with usual
order < and X = [0, 1]. Then obviously d is a b-metric space

when s = 2. Define a mapping ¢, : X X X— [0, 1) such that

2
c(p,q = % and fp = % then,

_ 1.0 .0 _pra_
C(fpv fq)_ﬁ(?Jr?)S? c(p. @)
2
2 2
_ 2 |p q 1 2 2
and d(f, f) = |fp — fq|*= o s 78—2\p+q| lp —al
<! p+d [p-q
&x4

1
< 1 c(p, @) d(p, @) = c(p, q) d(p, q)

Also f'is non decreasing continuous mapping with usual
order <. Hence f has a fixed point p = 0.

Corollary 3.3 Let (X, d, <) be a complete partially ordered
b-metric space and f : X— X be a continuous non decreasing
mapping such that the following conditions hold,

d(fp, fq) < ¢, d(p, q) + ¢, [d(p, fp) + d(q, fQ)] + c,
d(q.fp)+d(p,fq) T ¢, d fggdlp, q), dp, p)) + c;
t

d(q, fp)g(d(p, @), d(p, fq)) + ¢, d(p, 9)g(d(p, q), d(p, fp) + d(q,
fp)) + ¢, d(q, fp) + ¢, d(p, fq)
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for all p, q € X with p < g and c, are non negative coefficients
fori=1,2,...... ,8 with

¢, te,te,te,tc, e <

and g: R"X R" > R"is a
t+1

function such that g(m, m) = 1, for all m € R*. If there exists
point p, € X with p, < fp,, then f possesses a fixed point.

Now we give an example in support of corollary (3.3).

. . 2 .
Example 3.4 Consider a metric d(p, q) = |p - q| with usual

order < and X = [0, 1]. Then obviously d is a b-metric space

p p2
when s = 2. Define fp=z—? then, for all p, q € X, we have
2
d(f, f)= 2 p P a. df |1 1 >
PO -t = - —‘Z(pfq)fg(pfq)(wq)
2
g L Llp+a)
4 8

1
= 1 |P - Q|2 = cd(p, Q).

Also f'is non decreasing continuous mapping with usual
order <. Hence f has a fixed point p = 0.

Theorem 3.5 Let (X, d, <) be a complete partially ordered
b-metric space and f: X— X be a continuous non decreasing
mapping. Suppose there exist another mapping ¢, : X X X—

[0, 1) such that
c,(fp, fq) <c,(p, q) forallp,qe Xandi=1,2,3........ 8.
Also, for all p, g e X withp <q,

d(fp, fq) < ¢, (p, )d(p, @) + ¢, (p, P[d(p, fp) + d(q, fq)] + ¢, (p,

d(fp, fg) < e1 (p. AP, @ + 2 (P> PAP. fp) + d(q, D] + e3 (- @

d(q-fp)r 0D _

d(qg.fq)[1+ d(p.fp) d(q, fp)[1 + d(p.fq)] d(p, 1 + d(p. p) + d(q.1p)]
Laeo O ®? T Tamo tes®. D 1+d(p.q) M

¢7 (p. @d(g. fp) + ¢s (P, AP, Q).

ARG SUP 3y ex (012 D)+ €2 (P D+ &5 (P @)+ G (P @)+ G (e D)+ o (P D] < -

If there exists point p, € X with p, < fp,, then f possesses a
fixed point.

The proof of this theorem is same as theorem (3.1).

Corollary 3.6 Let (X, d, <) be a complete partially ordered
b-metric space and f : X— X be a continuous non decreasing
mapping such that the following conditions hold,

d(fp. fq) < c1d(p, @) + c2 [d(p. fp) + d(q, f)] + c3

o HaP1+dlp.f] |~ dp.9)[1+d(p.fp) + d(a.fp)]
1+dp.@ 1+d(p.q)

d(a.fp) +d(p.fa) | HafPl+dp.fp) |
t 1+d(p.q)

+ ¢7d(q. fp) + cz d(p. fqQ).

for all p. q € X with p < q and ¢ are non negative coefficients fori=1, 2.......... 8 with

1 : N N
e+t testeatCet o = o1 If there exists point po € X with po < fpo. then f possesses a
+

fixed point.
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