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In this paper, we enlarge the class of b-metric spaces by considering the class of extended partially 
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genuineness of our results.  
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INTRODUCTION
The fixed point theory is very important concept in mathematics. 
In 1922, Banach [1] proved his classical contraction principle 
in the concept of fixed point theory. The investigation of 
existence and uniqueness of fixed point for a self mapping and 
common fixed points for two or more mappings has become a 
very active subject of interest. Later many researchers proved 
Banach contraction principle in multitude of generalized 
metric spaces. The concept of b-metric space introduced by S. 
Czerwik [14, 20], which is the generalization of usual metric 
space and generalized the Banach contraction principal in 
contrast of complete b-metric space. Ran and Reurings [21] 
give the concept of partially ordered metric spaces and some of 
its applications to matrix equation. After that, many researchers 
[6, 8, 11, 12, 16, 18, 19, 22, 23] carried out further studies on 
b-metric spaces and partially ordered metric spaces. The aim 
of this paper is to establish some fixed point theorems for a 
mapping having a monotone property satisfying a contractive 
condition of rational type in the partially ordered b-metric 
spaces. We, also furnish examples to establish the genuineness 
of our results.  

2 Preliminaries

The following definitions and results will be needed in what 
follows.

Definition 2.1 [20] Let X be a non empty set and t  ≥ 1 be any 

real number. Let d : X×X → R+ be a function satisfying the 

following conditions :

      (a) d(x, y) = 0 iff x = y,

      (b) d(x, y) = d(y, x),

      (c) d(x, y) ≤ t[d(x, z) + d(z, y)] for all x, y, z ϵ X.

    Then the function d is called a b-metric on X and the triplet 
(X, d,t) is called a b-metric space. 

Definition 2.2 [20] Let (X, d) be a b-metric space, {xn} be a 
sequence in X and x ϵ X. Then

(a)	 The sequence {xn} is said to be convergent sequence 
in (X, d) and converges to x, if for every є ˃ 0 there 
exists n0 ϵ N such that d(xn, x) ˂ ϵ for all n ˃ n0 and 
represented by limn → ∞ xn = x or xn → x as n → ∞. 

(b)	 The sequence {xn} is said to be Cauchy sequence in 
(X, d) if for every є ˃ 0 there exists n0 ϵ N such that 
d(xn, xn+p) ˂ ϵ for all n ˃ n0, p ˃ 0 or equivalently limn 

→ ∞ d(xn, xn+p = 0 for all p ˃ 0. 

(c)	 X is said to be complete if every Cauchy sequence in 
X converges to x є X.

3 Main results

Theorem 3.1 Let (X, d, ≤) be a complete partially ordered 
b-metric space and f : X→ X be a continuous non decreasing 
mapping. Suppose there exist another mapping ci : X ×  X→ 

[0, 1) such that

           ci (fp, fq) ≤ ci (p, q) for all p, q ϵ X and i = 1,2,3........8.
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Also, for all p, q ϵ X with,

d(fp, fq) ≤ c1 (p, q)d(p, q) + c2 (p, q)[d(p, fp) + d(q, fq)] + c3            
(p, q)  + c4 (p, q)d(q, fq)g(d(p, q), d(p, fp)) + c5 

(p, q)d(q, fp)g(d(p, q), d(p, fq)) + c6 (p, q)d(p, q)  g(d(p, q), d(p, 
fp) + d(q, fp)) + c7 (p, q)d(q, fp) + c8 (p, q)d(p, fq).                                      
(3.1)

where g : R+×  R+ → R+ is a function such that g(m, m) = 1, for 

all m ϵ R+ and

Sup x, y ϵ X [c1 (p, q) + c2 (p, q) + c3 (p, q) + c4 (p, q) + c6 (p, q) + 

c8 (p, q)] ˂ 
1t

1
+

.                                  

If there exists point p0 ϵ X with p0 ≤ fp0, then f possesses a 
fixed point. 

Proof :  Let p0 = fp0 then the result is true. Suppose now p0 ˂ 
fp0. Define sequence {pn}in X by 

 pn+1 = fpn for all n = 0, 1, 2,......                                                                         (3.2)

Since f is non decreasing mapping so by induction

 p0 ≤ fp0 = p1 ≤ fp1 = p2 ≤ .......≤ fpn-1 = pn ≤ fpn = pn+1 ≤ ............

                                                                                                   (3.3)

Suppose for some m ϵ N, pm+1 = pm, then pm+1 = fpm = pm, then 
pm is a fixed point and proof is finished. 

Now since pn ˂ pn+1 for all n ϵ N, by (3.1), 

d(pn+1, pn+2) = d(fpn, fpn+1) ≤ c1 (pn, pn+1)d(pn, pn+1) + c2 (pn, pn+1)
[d(pn, pn+1) + d(pn+1, pn+2)] + c3 (pn, pn+1) 

t
)p,p(d)p,p(d 2nn1n1n +++ +  + c4 (pn, pn+1)d(pn+1, pn+2)g(d(pn, 

pn+1), d(pn, pn+1))) + c5 (pn, pn+1)d(pn, pn+1)g(d(pn, pn+1), d(pn, 
pn+2))) + c6 (pn, pn+1)d(pn, pn+1)g(d(pn, pn+1),       d(pn, pn+1) + 
d(pn+1, pn+1))) + c7 (pn, pn+1)d(pn+1, pn+1) + c8 (pn, pn+1)d(pn, pn+2).                             

                     ≤ c1 (pn, pn+1)d(pn, pn+1) + c2 (pn, pn+1)[d(pn, pn+1) + 
d(pn+1, pn+2)] +                      c3 (pn, pn+1)[d(pn, pn+1) + d(pn+1, pn+2)]  
+ c4 (pn, pn+1)d(pn+1, pn+2) + c6 (pn, pn+1)d(pn, pn+1) +     c8 (pn, pn+1)
[d(pn, pn+1) + d(pn+1, pn+2)].         

              = [c1 (pn, pn+1) + c2 (pn, pn+1) + c3 (pn, pn+1) + c6 (pn, pn+1) + 
c8 (pn, pn+1)] d(pn, pn+1) + [c2 (pn, pn+1) + c3 (pn, pn+1) + c4 (pn, pn+1) 
+ c8 (pn, pn+1)]d(pn+1, pn+2)

              = [c1 + c2 + c3 + c6 + c8](fpn-1, fpn)d(pn, pn+1) + [c2 + c3 + 
c4 + c8](fpn-1, fpn)d(pn+1, pn+2)

              ≤ [c1 + c2 + c3 + c6 + c8](pn-1, pn)d(pn, pn+1) + [c2 + c3 + c4 
+ c8](pn-1, pn)d(pn+1, pn+2)

                :

                  :

              ≤ [c1 + c2 + c3 + c6 + c8](p0, p1)d(pn, pn+1) + [c2 + c3 + c4 
+ c8](p0, p1)d(pn+1, pn+2)

or d(pn+1, pn+2) ≤  d(pn, pn+1)                                             

              d(pn+1, pn+2) ≤ μ d(pn, pn+1)                                             

where 0 ˂ μ ˂ 1, since 

Sup x, y ϵ X [c1 (p, q) + c2 (p, q) + c3 (p, q) + c4 (p, q) + c6 (p, q) + 

c8 (p, q)] ˂ 
1t

1
+

.                                  

Continuing this process, we have d(pn+1, pn+2) ≤ μn+1 d(p0, p1)                                             

Thus for all m ˃ n, where m, n ϵ N, we have,

d(pn, pm) ≤  td(pn, pn+1) + t2d(pn+1, pn+2) + ....... + tm-nd(pm-1, pm)                                                                                        

               ≤ [tμn + t2μn+1 +........ + tm-nμm-1]d(p0, p1)

               = tμn(1 + tμ + (tμ)2 +........ + (tμ)m-n-1]d(p0, p1)

               ≤ tμn(1 + tμ + (tμ)2 +........ ]d(p0, p1)

               ≤
µ−

µ
t1

t n
 d(p0, p1)

     Thus d(pn, pm) → 0 as n → ∞ for all m ϵ N. Therefore {pn} is 
a Cauchy sequence. But X is complete b-metric space so there 
exist p ϵ X such that

Limn → ∞ pn+1 = p.

Again letting n → ∞ in equation (3.2), we have

p = limn → ∞ pn+1 = limn → ∞ f(pn) = f(limn → ∞ pn) = f(p).

Hence p is a fixed point of X.

Now we give an example in support of theorem (3.1).

Example 3.2 Consider a metric d(p, q) = 2qp −  with usual 

order ≤ and X = [0, 1]. Then obviously d is a b-metric space 
when s = 2. Define a mapping ci : X ×  X→ [0, 1) such that     

      c(p, q) =  and fp = 
8

p2
 then,

      c(fp, fq) = 

and d(fp, fq) = 

                      ≤ 
48

1
×

qp + 2qp −

                      ≤ 
4
1

 c(p, q) d(p, q) = c(p, q) d(p, q)

         Also f is non decreasing continuous mapping with usual 
order ≤ . Hence f has a fixed point p = 0. 

Corollary 3.3 Let (X, d, ≤) be a complete partially ordered 
b-metric space and f : X→ X be a continuous non decreasing 
mapping such that the following conditions hold,

       d(fp, fq) ≤ c1 d(p, q) + c2 [d(p, fp) + d(q, fq)] + c3
 + c4 d(q, fq)g(d(p, q), d(p, fp)) + c5 

d(q, fp)g(d(p, q), d(p, fq)) + c6 d(p, q)g(d(p, q), d(p, fp) + d(q, 
fp)) + c7 d(q, fp) + c8 d(p, fq)
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for all p, q ϵ X with p ≤ q and ci are non negative coefficients 
for i = 1, 2,.......,8 with

c1 + c2 + c3 + c4 + c6 + c8 ˂ 
1t

1
+

 and g : R+×  R+ → R+ is a 

function such that g(m, m) = 1, for all m ϵ R+. If there exists 
point p0 ϵ X with p0 ≤ fp0, then f possesses a fixed point. 

             Now we give an example in support of corollary (3.3).

Example 3.4 Consider a metric d(p, q) = 2qp −  with usual 

order ≤ and X = [0, 1]. Then obviously d is a b-metric space

 when s = 2. Define fp = 
4
p

─
8

p2
 then, for all p, q ϵ X, we have 

d(fp, fq) = 

                               = 2qp −
2

)qp(
8
1

4
1

+−

                               ≤ 
4
1

 2qp − = cd(p, q). 

            Also f is non decreasing continuous mapping with usual 
order ≤ . Hence f has a fixed point p = 0. 

Theorem 3.5 Let (X, d, ≤) be a complete partially ordered 
b-metric space and f : X→ X be a continuous non decreasing 
mapping. Suppose there exist another mapping ci : X ×  X→ 

[0, 1) such that

              ci (fp, fq) ≤ ci (p, q) for all p, q ϵ X and i = 1,2,3........8.

Also, for all p, q ϵ X with p ≤ q,

d(fp, fq) ≤ c1 (p, q)d(p, q) + c2 (p, q)[d(p, fp) + d(q, fq)] + c3 (p,

If there exists point p0 ϵ X with p0 ≤ fp0, then f possesses a 
fixed point. 

          The proof of this theorem is same as theorem (3.1).

Corollary 3.6 Let (X, d, ≤) be a complete partially ordered 
b-metric space and f : X→ X be a continuous non decreasing 
mapping such that the following conditions hold,
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