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A B S T R A C T                                                     
 

The objective of the fuzzy transportation problem is to determine the shipping schedule that minimizes the total fuzzy transportation cost 
while satisfying the fuzzy supply and the fuzzy demand limits. As the economic growth of a country depends on the increase of
of transport, the study of fuzzy transportation problem is essential. In this paper, mathematical formulation, theoretical backg
procedure are proposed for fuzzy transportation problem using zero point maximum allocation method. The procedure pr
independent of the conventional method. Numerical example is illustrated for the same. The result obtained is compared with t
result to point out the conclusion. 
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1. Introduction 
In recent years, Fuzzy transportation problem 
received much concentration from the researchers which is an 
important optimization and decision making problems in 
fuzzy operations research.  The basic Transportation problem 
(TP) was developed by Hitchcock [4]. In order to solve a 
transportation problem, the decision parame
availability, requirement and the unit transportation cost of the 
model were tried at crisp level. But in real life, supply, 
demand and transportation cost parameters are uncertain due 
to several factors such as unavailability of resources or undue 
delay behind the schedule in the arrival of materials etc. These 
types of imprecise data may be represented by fuzzy numbers
introduced by Zadeh [18]. Zimmerman [
optimal solution to a FTP by fuzzy linear
approach. Many researchers have proposed different 
techniques to obtain the optimal solution for FTP
[2,6,9,12,13,15]. The papers of Pandian and Natarajan [
motivated us present a different form of procedure for FTP 
under fuzzy environment, where the final optimal objective 
value is a fuzzy number. 

The paper is organized as follows: In section 2, the 
basic definitions of trapezoidal fuzzy numbers and the 
Mathematical formulation of FTP are reviewed. In section 3, 
the Mathematical formulation of FTP is proposed which is 
equivalent to the Mathematical formulation given in section 2. 
The theoretical background and the procedure are proposed 
for solving FTP using zero point maximum allocation method 
with a suitable numerical example. The result ob
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Fuzzy transportation problem (FTP) has 
received much concentration from the researchers which is an 
important optimization and decision making problems in 

Transportation problem 
]. In order to solve a 

lem, the decision parameters such as 
availability, requirement and the unit transportation cost of the 

. But in real life, supply, 
demand and transportation cost parameters are uncertain due 

ilability of resources or undue 
delay behind the schedule in the arrival of materials etc. These 

be represented by fuzzy numbers 
]. Zimmerman [19] obtained an 

optimal solution to a FTP by fuzzy linear programming 
Many researchers have proposed different 

techniques to obtain the optimal solution for FTP 
apers of Pandian and Natarajan [13,14] 

present a different form of procedure for FTP 
he final optimal objective 

per is organized as follows: In section 2, the 
basic definitions of trapezoidal fuzzy numbers and the 
Mathematical formulation of FTP are reviewed. In section 3, 

of FTP is proposed which is 
equivalent to the Mathematical formulation given in section 2. 
The theoretical background and the procedure are proposed 
for solving FTP using zero point maximum allocation method 
with a suitable numerical example. The result obtained in the 

proposed method is compared with the existing result under 
results and discussions. It is followed by the shortcomings of 
the existing methods. Section 4 concludes the paper.
 

2. Preliminaries 

Definition 2.1: A fuzzy number 
trapezoidal fuzzy number where 
�� < �� < �� < ��. Its membership function 
below. 
        0,         
                  (x-a1) / (a2-a1) 
�� � (�) =    1, for a2≤x≤a3 

                  (a4-x) / (a4-a3) 
        0,   
 
If a2 = a3, then the trapezoidal
number�� = (��, ��, ��, ��) becomes the triangular fuzzy 
number �� = (��, ��, ��). 
 
Definition 2.2:Let �� = (��, ��

number. �� is said to be non-negative 
is said to be non-positive if ai ≤ 0, i = 1,2,3,4.
 
Definition 2.3: Operations on Trapezoidal Fuzzy Numbers
Let �� = (��, ��, ��, ��), ��

trapezoidal fuzzy numbers then 
(i)   Addition: 

 � � ⊕�� =(a1+b1, a2+b2, a3+b3

(ii)  Subtraction: 
��⊖�� =(a1-b4, a2-b3, a3-b2, a4-b1
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is compared with the existing result under 
results and discussions. It is followed by the shortcomings of 
the existing methods. Section 4 concludes the paper. 

A fuzzy number �� = (��, ��, ��, ��)is a 
trapezoidal fuzzy number where ��, ��, ��, �� ∈ � with 

. Its membership function �� � (�) is given 

     for x≤a1 

 for a1≤x≤a2 

 for a3≤x≤a4 
 for x≥a4 

, then the trapezoidal fuzzy 
becomes the triangular fuzzy 

�, ��, ��) be a trapezoidal fuzzy 
negative if ai ≥ 0, i = 1,2,3,4 and �� 

≤ 0, i = 1,2,3,4. 

s on Trapezoidal Fuzzy Numbers 
) = (��, ��, ��, ��) be two 

trapezoidal fuzzy numbers then  

3, a4+b4) 

1)           
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(iii) Scalar Multiplication:  
k�� = (���, ���, ���, ���)if k>0 and  
k�� = (���, ���, ���, ���) if k<0 
 
Mathematical Formulation for FTP having fuzzy cost, 
fuzzy supply and fuzzy demand 
 
(P)Minimize � =̃ ∑ ∑ ��̃� ⊗ ����

�
���

�
��� (2.1) 

Subject to     
∑ ���� ≈ ���

�
���  , i= 1 to m                                         (2.2)  

∑ ���� ≈ ��� ,� = 1 �� ��
���       (2.3) 

∑ ��� ≈�
��� ∑ ���

�
���                 (2.4) 

���� ≥ 0, � = 1 �� � ���  

� = 1 �� �                            (2.5) 
where m = the number of supply points;  
n = the number of demand points;  
���� ≈  (���

� , ���
� , ���

� , ���
� ) is the uncertain number of units 

shipped from the supply point i to the demand point j;  
��̃� = (���

� , ���
� , ���

� , ���
� ) is the uncertain cost of shipping one 

unit from the supply point i to the demand point j;  
��� = (��

�, ��
�, ��

�, ��
�) is the uncertain supply at the supply 

point i and  

��� = (��
�, ��

�, ��
�, ��

�) is the uncertain demand at the demand 

point j. 
 

3. Zero Point Maximum Allocation Method 
The Mathematical formulation for the FTP (P*) which is 
equivalent tothe FTP (P) is 
(P*)  Minimize 
�̃∗ = ∑ ∑ ��̃�

∗ ⊗�
���

�
���

����
∗                                                             (3.1) 

Subject to     ∑ ����
∗ ≈ ���

∗�
���  , 

i= 1 to m                                               (3.2) 
∑ ����

∗ ≈ ���
∗,   � = 1 �� ��

���                 (3.3) 

∑ ���
∗ ≈�

��� ∑ ���
∗�

���                              (3.4) 

����
∗ ≤ 0, � = 1 �� � ���  

� = 1 �� �                                      (3.5) 

Here ��̃�
∗ =  −��̃�  , ����

∗ =  −����  , ���
∗ =  −��� , ���

∗ =  −��� 

Theorem 3.1.Let [���
∗��] = {���

∗��, � = 1 �� �, j = 1 to n} be an 

optimal solution of (��
∗), [���

∗��] = {���
∗��, � = 1 �� �, j = 1 to 

n} be an optimal solution of (��
∗), [���

∗��] = {���
∗��, � = 1 �� �, 

j = 1 to n} be an optimal solution of (��
∗) and[���

∗��] = 

{���
∗��, � = 1 �� �, j = 1 to n} be an optimal solution of (��

∗), 

where  
(��

∗) Minimize ��
∗ = ∑ ∑ ���

∗����
∗��

���
�
��� ; ���

∗� = −���
� , ���

∗� =

−���
�                       (3.6) 

Subject to∑ ���
∗� = ��

∗��
���  ,  

 i= 1 to m , ��
∗� = −��

� (3.7) 
∑ ���

∗� = ��
∗�   , � = 1 �� ��

��� ,  ��
∗� = −��

�                              

                                                           (3.8) 
∑ ��

∗� =�
��� ∑ ��

∗��
���                           (3.9) 

���
∗� ≤ 0, for i= 1 to m  and j = 1 to n.  (3.10)  

For � = 1,2,3 
 

(����
∗ )  

Minimize ����
∗ = ∑ ∑ ���

∗������
∗����

���
�
���  

Subject 

to∑ ���
∗��� = ��

∗����
���  , i= 1 to m                                          

� ���
∗��� = ��

∗���   , � = 1 �� �

�

���

 

� ��
∗��� =

�

���
� ��

∗���
�

���
 

���
∗��� ≤ 0, for i= 1 to m  and j = 1 to n. 

���
∗���� ≥ ���

∗��, � = 1 �� � ��� � = 1 �� �. 

Then [����
∗�] = {����

∗� = ����
∗��, ���

∗��, ���
∗��, ���

∗���, � =

1 �� � ��� � = 1 �� �} is an optimal solution of the FTP (P*) 

and [����
� ] = {����

� = ����
��, ���

��, ���
��, ���

���, � = 1 �� � ��� � =

1 �� �} is an optimal solution of the given FTP (P). 
 

Proof:Let [����
∗ ] = {����

∗ = ����
∗�, ���

∗�, ���
∗�, ���

∗��, � =

1 �� � ��� � = 1 �� �} be a feasible solutionof the FTP 
(P*).Clearly, [���

∗�], [���
∗�], [���

∗�] and [���
∗�] are feasible 

solutions of (��
∗), (��

∗), (��
∗) and (��

∗) respectively. 
Since [���

∗��], [���
∗��], [���

∗��] and [���
∗��] are optimal solutions of 

(��
∗), (��

∗), (��
∗) and (��

∗) respectively, we have  

��
∗�����

∗���� ≤ ��
∗�����

∗���, 

��
∗�����

∗���� ≤ ��
∗�����

∗���, 

��
∗�����

∗���� ≤ ��
∗�����

∗��� ��� 

��
∗�����

∗���� ≤ ��
∗�����

∗���, 

(i.e) �∗������
∗��� ≤ �∗������

∗ ��, for all feasible solution of the FTP 

(P*). 
 

Therefore, [����
∗�] = {����

∗� = ����
∗��, ���

∗��, ���
∗��, ���

∗���, � =

1 �� � ��� � = 1 �� �} is an optimal solution of the FTP 
(P*). 
As ����

∗� = −����
� ,[����

� ] =  

{����
� = ����

��, ���
��, ���

��, ���
���, � = 1 �� � ��� � = 1 �� �} is an                   

optimal solution of the given FTP (P), where���
∗�� =

−���
��,  ���

∗�� = −���
��,  ���

∗�� = −���
��,  ���

∗�� = −���
��. 

Hence the theorem. 
 

Remark: 
The optimal fuzzy solution [����

∗�] = 

{����
∗� = ����

∗��, ���
∗��, ���

∗��, ���
∗���, � = 1 �� � ��� 

 � = 1 �� �} is non-positive and the total minimum fuzzy 
transportation cost  

�̃∗ = �̃∗������
∗��� =

���
∗�����

∗����, ��
∗�����

∗����, ��
∗�����

∗����, ��
∗�����

∗����� =

(��
∗, ��

∗, ��
∗, ��

∗)is positive because fuzzy supply at each origin  
and fuzzy demand at each destination, fuzzy transportation 
cost and fuzzy decision variables are non-positive with 
respect to the FTP (P*). 
The optimal fuzzy solution [����

� ] = 

{����
� = ����

��, ���
��, ���

��, ���
���, � = 1 �� � ��� � = 1 �� �} is 

non-negative and the total minimum fuzzy transportation cost 

� =̃ ��̃�����
� �� =

��������
����, �������

����, �������
����, �������

����� =

(��, ��, ��, ��)is positive  because fuzzy supply at each origin  
and fuzzy demand at each destination, fuzzy transportation 
cost and fuzzy decision variables are non-negative with 
respect to the given FTP (P). 
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Here �̃∗ = � ⇒̃ ��
∗ = ��, ��

∗ = ��, ��
∗ = ��, ��

∗ = ��. 
 

3.1 Procedure for FTP using Zero Point Maximum 
Allocation Method 
Step1:Construct a FTP (P) where fuzzy transportation cost 

(��̃� ), fuzzy supply (��� )and fuzzy demand (��� )are interms of 

trapezoidal fuzzy numbers, where 

��̃� ≥ 0, ��� ≥ 0, ��� ≥ 0, ��� � = 1 �� � ��� � = 1 �� �. 

Step2: Convert ��̃� to ��̃�
∗  , ��� to ���

∗ and ��� to ���
∗, where��̃�

∗ ≤

0, ���
∗  ≤ 0, ���

∗  ≤ 0, for i = 1 to m and j = 1 to n. 

Step3: The FTP (P*) is now divided into four stages. The 
transportation cost ���

∗�
 , supply ��

∗�and demand ��
∗�are 

considered for the four stages k = 1,2,3,4; i =1 to m and j = 1 
to n. 
Procedure for the first stage of FTP (It is in the form of crisp 
problem). 
Step 4:Check whether the given problem (��

∗) is a balanced 
one. If not convert it into a balanced one by introducing a 
dummy column / dummy row with cost entry as 0. 
Step 5: Subtract each row entries of the transportation table 
[���

∗�] by row maximum that is if ��
∗� is the maximum of the ith 

row of the table [���
∗�] then subtract the ith row entries by��

∗� , 

so that the resulting table is [���
∗� - ��

∗�]. 

Step 6:Subtract each column entries of the resulting 
transportation table after applying the step 5 by the column 
maximum that is if ��

∗� is the maximum of the jth column of 

the resulting table [���
∗� - ��

∗�] then subtract jth column entries 

by ��
∗� so that the resulting table is [(���

∗� - ��
∗�) - ��

∗�]. It may 

be noted that [(���
∗� - ��

∗�) - ��
∗�] ≤ 0 for all i, j. Each row and 

each column of the resulting table [(���
∗� - ��

∗�) - ��
∗�] has 

atleast one ‘0’ entry. 
Step 7:Choose the row or column with only one ‘0’ and allot 
the maximum of source and demand corresponding to that 
cell. Check whether the supply points are fully used and all the 
demand points are fully received. If so go to step 9. If not, go 
to step 8. 
Step 8:Draw minimum number of lines horizontally and 
vertically to cover all the zeros. Then choose the largest 
uncovered element and subtract it from all the uncovered 
elements and add at the intersection of lines, leaving other 
elements unchanged. Now, check whether each row and each 
column has atleast one ‘0’ entry. If so, go to step 7, else go the 
step 5,  
step 6 and then to step 7. 
Step 9:This allotment yields an optimal solution ���

∗��to the 

first stage ofFTP (��
∗)with the objective function given in the 

equation(3.6), subject to the constraints given in the equations 
(3.7) to (3.10).Now repeat step 4 to step 9 for the second, third 
and the fourth stages of FTP.  

Finally, a) {����
∗� = ����

∗��, ���
∗��, ���

∗��, ���
∗���, � = 1 �� � ��� � =

1 �� � } is an optimal solution to the FTP (P*) by the theorem 
3.1. The total minimum fuzzy transportation cost is 
�̃∗ = (��

∗, ��
∗, ��

∗, ��
∗) with respect to the FTP (P*). 

b) Since����
� = − ����

∗�, {����
� = ����

��, ���
��, ���

��, ���
���, � =

1 �� � ��� � = 1 �� � } is an optimal solution to the FTP (P) 
by the theorem 3.1. The total minimum fuzzy transportation 
cost is � =̃ (��, ��, ��, ��) with respect to the given FTP (P). 
 
Remark:An unbalanced fuzzy transportation problem can 
also be solved by the proposed method. 

 

4. Numerical Example 
Step 1: Consider the following fully fuzzy transportation problem. 

Table 1: Fuzzy Transportation problem 
 D1 D2 D3 D4 FS 

S1 (1,2,3,4) (1,3,4,6) (9,11,12,14) (5,7,8,11) (1,6,7,12) 
S2 (0,1,2,4) (0,0,1,1) (5,6,7,8) (0,1,2,3) (0,1,2,3) 
S3 (3,5,6,8) (5,8,9,12) (12,15,16,19) (7,9,10,12) (5,10,12,17) 
FD (4,7,8,11) (0,5,6,11) (1,3,4,6) (1,2,3,4) (6,7,21,32) 

 
Here S1, S2, S3  are the sourcesand D1, D2, D3, D4 are the destinations. FS and FD are the fuzzy supply and the fuzzy demand points 
respectively. 
 

Step 2:        Table 2 
 D1 D2 D3 D4 FS 

S1 (-4,-3,-2,-1) (-6,-4,-3,-1) (-14,-12,-11,-9) (-11,-8,-7,-5) (-12,-7,-6,-1) 
S2 (-4,-2,-1,0) (-1,-1,0,0) (-8,-7,-6,-5) (-3,-2,-1,0) (-3,-2,-1,0) 
S3 (-8,-6,-5,-3) (-12,-9,-8,-5) (-19,-16,-15,-12) (-12,-10,-9,-7) (-17,-12,-10,-5) 
FD (-11,-8,-7,-4) (-11,-6,-5,0) (-6,-4,-3,-1) (-4,-3,-2,-1)  

 
Step 3: Now, from the FTP (P*), the problem (��

∗), (��
∗), (��

∗), (��
∗) are as follows: 

 
Table 3 

 D1 D2 D3 D4 Supply 
S1 -4 -6 -14 -11 -12 
S2 -4 -1 -8 -3 -3 
S3 -8 -12 -19 -12 -17 

Demand -11 -11 -6 -4  
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Table 4 
 D1 D2 D3 D4 Supply 

S1 -3 -4 -12 -8 -7 
S2 -2 -1 -7 -2 -2 
S3 -6 -9 -16 -10 -12 

Demand -8 -6 -4 -3  
 

Table 5 
 D1 D2 D3 D4 Supply 

S1 -2 -3 -11 -7 -6 
S2 -1 0 -6 -1 -1 
S3 -5 -8 -15 -9 -10 

Demand -7 -5 -3 -2  
 

Table 6 
 D1 D2 D3 D4 Supply 

S1 -1 -1 -9 -5 -1 
S2 0 0 -5 0 0 
S3 -3 -5 -12 -7 -5 

Demand -4 0 -1 -1  
 
First stage of FTP: 
Step 4:       Table 7 

 D1 D2 D3 D4 Supply 
S1 -4 -6 -14 -11 -12 
S2 -4 -1 -8 -3 -3 
S3 -8 -12 -19 -12 -17 

Demand -11 -11 -6 -4 -32 
 
Here ∑ ��

∗��
��� = ∑ ��

∗� = −32�
��� , it is a balanced TP in the first stage. 

 
By applying step 5 and step 6 to table 7, we obtained table 8. 

Table 8 
 D1 D2 D3 D4 Supply 

S1 0 -2 -3 -5 -12 
S2 -3 0 0 0 -3 
S3 0 -4 -4 -2 -17 

Demand -11 -11 -6 -4  
 
By applying step 7 to table 8, we obtained table 9. 

Table 9 
 D1 D2 D3 D4 Supply 

S1 -11*    -12 
S2  -3* * * -3 
S3 

*    -17 
Demand -11 -11 -6 -4  

 
*   denotes the places of 0’s. 

Here supply points are not fully used and the demand points are not fully received. 
 
Applying step 8 to table 9, we obtained table 10. 

 
Table 10 

 D1 D2 D3 D4 Supply 
S1 -11* -1*   -12 
S2  * -3* * -3 
S3 

*   -4* -17 
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Demand -11 -11 -6 -4  
 
Here also the supply points are not fully used and the demand points are not fully received. Therefore repeat the process until all 
the supply points are fully used and the demand points are fully received. 

 
Table 11: The final optimal table for (��

∗ ) 
 D1 D2 D3 D4 Supply 

S1  -11* -1*  -12 
S2   -3*  -3 
S3 -11*  -2* -4* -17 

Demand -11 -11 -6 -4  
 

(i) The optimal solution for (��
∗) is ���

∗�� = −11, ���
∗�� =

−1, ���
∗�� = −3, ���

∗�� = −11, 
���

∗�� = −2, ���
∗�� = −4 and the minimum transportation cost 

= 278. 
From the second, third and the fourth stages, we obtain the 
following result: 
(ii) The optimal solution of (��

∗) is ���
∗�� = −6, ���

∗�� =
−1, ���

∗�� = −2, ���
∗�� = −8, 

���
∗�� = −1, ���

∗�� = −3 and the minimum transportation cost 
= 144. 
(iii) The optimal solution of (��

∗) is ���
∗�� = −5, ���

∗�� =
−1, ���

∗�� = −1, ���
∗�� = −7, 

���
∗�� = −1, ���

∗�� = −2 and the minimum transportation cost 
= 100. 
(iv) The optimal solution of (��

∗) is ���
∗�� = 0, ���

∗�� =
−1, ���

∗�� = 0, ���
∗�� = −4, 

���
∗�� = 0, ���

∗�� = −1 and the minimum transportation cost = 
28. 
The optimal solutionto the FTP (P*) is 
����

∗ = (−11, −6, −5,0);  ����
∗ = (−1, −1, −1, −1); ����

∗ =
(−3, −2, −1,0);  
����

∗ = (−11, −8, −7, −4); ����
∗ = (−2, −1, −1,0); ����

∗ =
(−4, −3, −2, −1) and the total minimum fuzzy 
transportation cost is (28,100,144,278).  
Thus the optimal solution to the given FTP (P) is ���� =
(0,5,6,11); ���� = (1,1,1,1); 
���� = (0,1,2,3); ���� = (4,7,8,11); ���� = (0,1,1,2); ���� =
(1,2,3,4) and the total minimum fuzzy transportation cost is 
(28,100,144,278). 
 

Results and Discussions 
The optimal fuzzy solution and the optimal fuzzy objective 
value obtained under the proposed method coincide with the 
existing result of Pandian and Natarajan [14]. 
 
Shortcomings of Existing Methods 
 Some problems provide crisp solutions for FTP and so 

fuzziness is violated [1,3,5,7,8,17]. 
 In some problems, the optimal solution of some of the 

fuzzy decision variables and the optimal objective 
fuzzy value of a FTP have negative part which depicts 
that quantity of the product and transportation cost may 
be negative. But the negative quantity of the product 
and negative transportation cost has no physical 
meaning [2,10,11,13,16]. 

 

 Conclusions 

One of the most important and successful applications of 
quantitative analysis to solving business problems has been 
in the physical distribution of products. Thus the study of 
FTP is essential. The procedure developed in this paper 
provides the optimal fuzzy solution and the optimal fuzzy 
objective value which are non-negative fuzzy numbers. 
Hence the method developed in this paper, serve as an 
important tool for the decision maker while handling the 
transportation problem under fuzzy environment. 
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