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1. Introduction
In [33], Ulam projected the general Ulam stability problem:
When is it true that by slightly changing the hypotheses of a
theorem one can still assert that the thesis of the theorem
remains true or approximately true? In [18], Hyers gave the
first affirmative answer to the question of Ulam for additive
functional equations on Banach spaces. Hyers result has since
then seen many significant generalizations, both in terms of
the control condition used to define the concept of
approximate solution [3, 16, 27, 28].

Now, we are celebrating the platinum jubilee of stability of
functional equations. The solution and stability of various
functional equation in various normed spaces were introduced
and discussed in [1, 2, 4, 5, 6, 7, 8, 9, 10, 11, 13, 14, 20, 21,
23, 24] and reference cited there in.

Definition 1.1 Arithmetic Mean (A.M.): Arithmetic mean is
the total of all the items divided by their total number of items
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originating from N observations of an arithmetic mean in
Intuitionistic Fuzzy Banach Space with 2N with the help
of Hyers Type and Fixed Point Type.

Now, we present the following theorem due to B. Margolis
and J.B. Diaz [22] for the fixed point theory.

Theorem 1.2 [22] Suppose that for a complete generalized
metric space ),( d and a strictly contractive mapping

:T with Lipschitz constant L . Then, for each given
x , either

0,,=),( 1  nxTxTd nn

or there exists a natural number 0n such that the properties

hold:

•  <),( 1xTxTd nn
for all 0nn  ;

• The sequence )( xT n
is convergent to a fixed to a fixed

point
y of T ;

• y is the unique fixed point of T in the set

};<),(:{= 0  yxTdy
n

• ),(
1

1
),( Tyyd

L
yyd


 for all .y

2. Preliminaries on Intuitionistic Fuzzy Banach
Spaces

In this section, using the idea of Intuitionistic fuzzy metric
spaces introduced by J.H. Park [25] and R. Saadati and J.H.
Park [30, 31], we define the new notion of intuitionistic fuzzy
Banach spaces with the help of the notion of continuous t
representable (see [17]).

Lemma 2.1 [15] Consider the set L and the order relation

L
defined by:

      ,10,1,:,= 21
2

2121  xxandxxxxL

       
  Lyyxxyxyxyyxx

L 212122112121 ,,,,,,,

Then   
L

L , is a complete lattice.

Definition 2.2 [12] An intuitionistic fuzzy set  ,A in a

universal set U is an object
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     UuuuA AA  ,=,

for all    0,1,  uUu A and    0,1uA are called

the membership degree and the non-membership degree,

respectively, of u in  ,A and, furthermore, they satisfy

    1 uu
AA  .

We denote its units by  0,1=0 L and  1,0=1 L .

Classically, a triangular norm  0,1on=* T is defined as an

increasing, commutative, associative mapping

   0,10,1: 2 T satisfying   xxxT =*1=1, for all

 0,1x . A triangular conorm =S is defined as an

increasing, commutative, associative mapping

   0,10,1: 2 S satisfying   xxxS =0=0,  for all

 0,1x .

Using the lattice   
L

L , , these definitions can be

straightforwardly extended.

Definition 2.3 [12] A triangular norm ( t norm) on L is a

mapping     LLT
2

: satisfying the following conditions:

•     xxTL
L

=,1 
 (boundary condition);

         xyTyxTLyx ,=,,
2 (commutativity);

•            zyxTTzyTxTLzyx ,,=,,,,
3

(associativity);

•          yxTyxTyyandxxLyyxx
LLL

 
 ,,,,,

4

(monotonicity).

If  TL
L

,, 
  is an Abelian topological monoid

with unit L
1 , then L is said to be a continuous t norm.

Definition 2.4. [12] A continuous t-norms T on L* is said to
be continuous t-representable if there exist a continuous t-

norm and a continuous t conorm  on  0,1 such that,

for all     Lyyyxxx 2121 ,=,,= ,

   .,*=, 2211 yxyxyxT 
For example,

    
      2211

2211

,max,,min=,

,1min,=,

bababaM

andbababaT 
for all

    Lbbbaaa 2121 ,=,,= are continuous t
representable.

Now, we define a sequence nT recursively by

TT =1 and

            
 

1 1 1 11, , = , , , ,

2, .

n n nn n

i

T x x T T x x x

n x L

 

  

 

Definition 2.5 [32] A negator on L is any decreasing

mapping   LLN : satisfying    LL
N 1=0: and

   LL
N 0=1 . If    xxNN = for all  Lx , then N is

called an involutive negator. A negator on  0,1 is a

decreasing mapping    0,10,1: N satisfying   1=0N

and   sNN 0.=1 denotes the standard negator on  0,1
defined by

   .0,1,1=  xxxNs

Definition 2.6 [32] Let  and  be membership and

nonmembership degree of an intuitionistic fuzzy set from

  0,X to  0,1 such that     1 tt xx  for all

Xx and all 0>t . The triple  TPX ,, , is said to be

an intuitionistic fuzzy normed space (briefly IFN-space) if X
is a vector space, T is a continuous t representable and

 ,P is a mapping    LX 0, satisfying the

following conditions: for all Xyx , and 0>, st ,

•   ;0=,0, L
xP 

•   0;=ifonlyandif1=,, xtxP
L

•   0;allfor,=, ,, 












 

t
xPtxP

•       .,,,, ,,, syPtxPTstyxP
L  

In this case,  ,P is called an intuitionistic fuzzy

norm. Here,       .,=,, tttxP xx 

Example 2.7 [32] Let  ,X be a normed space. Let

    ,1min,,=, 22 bababaT  for all

    Lbbbaaa 2121 ,=,,= and  , be membership

and non-membership degree of an intuitionistic fuzzy set
defined by

       .,,=,=,,













Rt

xt

x

xt

t
tvttxP xxv 

Then  TPX ,, , is an IFN-sapce.

Definition 2.8 [32] A sequence }{ nx in an IFN-space

 TPX ,, , is called a Cauchy sequence if, for any 0>

and 0>t , there exists Nn 0 such that

     ,,,,>, 0, nmnNLtxxP smn   

where sN is the standard negator.

Definition 2.9 [32] The sequence }{ nx is said to be

convergent to a point Xx (denoted by )
,

xx
P

n



 if

  
Ln txxP 1,, as n for every 0>t .

Definition 2.10 [32] An IFN-space  TPX ,, , is said to be

complete if every Cauchy sequence in X is convergent to a



International Journal of Current Advanced Research Volume: 7 | Issue: 1 | Special Issue January: 2018 | Page No.1-9

3 | P a g e

point Xx .
In order to establish the stability results let us consider the
following:
• X - Linear space.

•  MPZ ,', , - IFN-space.

•  MPY ,', , - Complete IFN-space   (IFBS).

• 1}{1, .

• Define a constant i by







1.=
1

0;=
=

iif
N

iifN

i (2.1)

3. Intuitionistic Fuzzy Banach Space: Stability
Results: N Is An Even Integer

In this section, we test the generalized Ulam - Hyers stability
of the additive functional equation (1) in Intuitionistic Fuzzy
Banach Space by taking N is an Even Integer.

3.1  Hyers Type

Theorem 3.1 Assume ZX N : be a function such that

for some 1<<0
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(3.1)

for all Xx and all 0>r and

   
 L

q
N
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q
rNxNxNP 1=,,,'lim 1,


   (3.2)

for all Xxx N ,,1  and 0>r . If YXf : is a

mapping such that
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for all Xxx N ,,1  and 0>r . Then the limit
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(3.4)
exists for all Xx and the mapping YXA : is the

unique additive mapping such that
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(3.5)

for all Xx and all 0>r .
Proof. Case 1 : 1= .

Switching ),,,( 21 Nxxx  by ,0),0,( x in (3.3), we get
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1
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P f f x r

N N

P x r

 

 

     
  
 

(3.6)

for all Xx and 0>r . Setting x by Nx in (3.6), we
obtain

    rxNPr
N

xNf
xfP vL

,,0,0,',
)(
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(3.7)

for all Xx and 0>r . Replacing x by xN q in (3.7)
and using (3.1), (IFNS3), we arrive
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(3.8)

for all Xx and 0>r . It is easy to verify from (3.8), that
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holds for all Xx and all 0>r . Replacing r by ra q in
(3.9), we have
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for all Xx . From equations (3.10) and (3.11), we get
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for all Xx and all 0>r . Replacing x by xN p in
(3.12) and using (3.1), (IFNS3), we obtain
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,
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(3.13)
for all Xx and all 0>r and all 0, qp . Replacing r
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by ra p in (3.13), we arrive
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(3.14)

for all Xx and all 0>r and all 0, qp . It follows

from (3.14) that
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for all Xx and all 0>r and all 0, qp .

By data, we have
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is a Cauchy

sequence in  MPY ,, , . Since  MPY ,, , is a complete

IFN-space this sequence convergent to some point   YxA 
. So one can define the mapping YXA : by
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for all Xx and all 0>r . Now for every 0> and
from (3.17), we obtain
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for all Xx and all 0>r . Taking the limit as n in
(3.18) and using (3.16), we have
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,

,
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' (  , 0, ,0),

2

 ( )
= ' ( ,0, ,0),

2

q

L

q

r N a
P N x

N

r N a
P x

Na

 

 






   

 
 

 
 





for all Xx and all 0>r . Since ,=
2

)(
lim 




q
q Na

aqr
we

obtain .1=
2

)(
,0),,0,('lim , 








 

Lq
q Na

aNr
xP  Thus


L

rxAxAP 1=)),()((, for all Xx and all 0>r ,

hence )(=)( xAxA  . Therefore )(xA is unique. Thus, the

theorem holds for 1= . For 1=  , we can prove the

result by a similar method. This completes the proof of the
theorem.
The subsequent corollaries are immediate consequence of
Theorem 3.1 concerning the stabilities of (1.1).

Corollary 3.2 If YXf : is a mapping satisfying the

functional inequality

 rPrxf
NN

x
fP

Lk

N

k

k

N

k ,'),(
1

,
1=

1=
,  










































(3.24)

for all Xxx N ,,1  and all 0>r and 0> be a

constant, then there exists a unique additive mapping
YXA : such that

  





 

  N

Nr
PrxAxfP

L

|1|
,'),()( ,, 

(3.25)
for all Xx and 0>r .

Corollary 3.3 If YXf : is a mapping satisfying the

functional inequality

=1
,

=1

,
=1

1
( ),

'  | | ,

N

k N
k

k
k

N
t

kL
k

x
P f f x r

N N

P x r

 

  

  
  
   
  
    

 
  

 






(3.26)

for all Xxx N ,,1  and all 0>r and t, are positive

constants with 1t , then there exists a unique additive
mapping YXA : such that

  






 
  N

NNr
xPrxAxfP

t
t

L

||
,||'),()( ,, 

(3.27)
for all Xx and 0>r .

3.2  Fixed Point Type

Theorem 3.4 Assume ZX N : be a function
satisfying the condition

   
 L

q
iN

q
i

q
i

q
rxxP 1=,,,'lim 1,   (3.28)

for all Xxx N ,,1  and 0>r . If YXf : is a

mapping such that
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,

=1

, 1

1
( ),

' , , ,

N

k N
k

k L
k

N

x
P f f x r

N N

P x x r

 

  



  
  
    
  
    






(3.29)

for all Xxx N ,,1  and 0>r . If there exist a constant

)(= iLL such that

  





 ,0,0,= 

N

x
Nx  (3.30)

with the property

    rxLPrxP i
i

,'=,
1

' ,, 







  


(3.31)

for all Xx and all 0>r . Then there exists a the
mapping YXA : which is a unique additive mapping
such that

       














 rx
L

L
PrxAxfP

i

L
,

1
',

1

,,  (3.32)

for all Xx and all 0>r .

Proof. Consider the set

0}=(0),:/{= 111 fYXff 
and introduce the generalized metric on  ,

    
1 2

, 1 2 ,

( , ) = inf{ (0, ) :

( ) ( ), '  ,
L

d f f

P f x f x r P x r   





 

  
(3.33)
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for all Xx and all 0>r . It is easy to see that (33) is
complete with respect to the defined metric. Define

:J by

),(
1

=)( 11 xfxfJ i
i




for all Xx . Now, from

(33) and 21, ff , we arrive J is a strictly contractive

mapping on  with Lipschitz constant L (see [22]). It
follows from (3.7), (3.33) and (1) for the case 0=i , we reach

       rxLPrxJfxfP
L

,', ,,    (3.34)

for all Xx and 0>r . Again replacing
N

x
x = in (3.7)

and it follows from (3.33), (3.1) for the case 1=i , we again
reach

       rxPrxfxJfP
L

,', ,,    (3.35)

for all Xx and 0>r . Thus, from (3.34) and (3.35), we
arrive

       rxLPrxfxJfP i

L
,', 1

,,  
  (3.36)

for all Xx and 0>r . Hence property (FP1) of Theorem
1.2 holds. It follows from property (FP2) of Theorem 1.2 that
there exists a fixed point A of J in  such that

 qasxA
xf

P

q

q
i )(

)( ,




(3.37)

for all Xx and 0>r . In order to show that A satisfies
(1), the proof is similar lines to tat of Thorem 3.1 By property
(FP3) of Theorem 1.2 , A is the unique fixed point of J in
the set

},<),(:{=  AfdA
such that

       rxPrxAxfP
L

,', ,,   

for all Xx and 0>r . Finally by property (FP4) of
Theorem 1.2 , we obtain our desired inequality (3.32). This
completes the proof of the theorem.

The following corollary is an immediate consequence of
Theorem 3.4 concerning the stability of (1.1).

Corollary 3.5 If YXf : is a mapping satisfying the

functional inequality
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(3.38)

for all Xxx N ,,1  and all 0>r and t, are positive

constants with 1t , then there exists a unique additive
mapping YXA : such that
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(3.39)

for all Xx and 0>r .

Proof. Let
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  (3.40)

for all Xxx N ,,1  . Now
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Thus, (3.28) holds. It follows from (3.40), (3.30) and (3.31),
we have

  

   

, ,

, ,

, ,

' , = '  ,0, ,0 ,
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(3.41)
and
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1
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1
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1
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1
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1
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i

i
i t

i
i

i

t t
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P N r

P x r

P N x r

P N r P L x r
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(3.42)

for all Xx . Hence, in view of (3.42) and the inequality
(3.32) we arrive our inequality (3.39). Hence the proof is
complete.

4. Intuitionistic Fuzzy Banach Space: Stability
Results: N is an Odd Integer

In this section, we judge the generalized Ulam - Hyers
stability of the additive functional equation (1.1) in
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Intuitionistic Fuzzy Banach Space by taking N is an odd
Integer.

Theorem 4.1 Assume ZX N : be a function such that

for some 1<<0
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1 1
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1 1

2 2
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(4.1)
for all Xx and all 0>r and

  , 1' , , , =1lim
q q q

N Lq
P N x N x N r  

   


 (4.2)

for all Xxx N ,,1  and 0>r . If YXf : is a

mapping such that
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, 1 2 1
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k N
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(4.3)

for all Xxx N ,,1  and 0>r . Then the limit

,

( )
( ) , 1 ,    , > 0

q

Lq

f N x
P A x r as q r

N
 

 
   

 
(4.4)

exists for all Xx and the mapping YXA : is the
unique additive mapping such that
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,
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,

| |
' ( , , , , , , ) ,

L
N N

P f x A x r
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P x x x x x
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(4.5)

for all Xx and all 0>r .

Proof. Case 1 : 1= .

Switching ),,,( 21 Nxxx  by ),,,,,,(

2

1

2

1
  




NN

xxxxx in

(4.3), we get
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2 2

1
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' , , , , , , ,vL
N N

x
P f f x r

N N

P x x x x x r

 

 
 

     
  

  
  

    
     

 
 

(4.6)
for all Xx and 0>r . Setting x by Nx in (4.6), we

obtain
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f N x
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P Nx Nx Nx Nx Nx r

 

 
 

  
 

  
  

    
     

 
 

(4.7)

for all Xx and 0>r . Replacing x by xN q in (4.7)
and using (4.1), (IFNS3), we arrive
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,
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f N x
P f N x r

N

r
P x
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(4.8)

for all Xx and 0>r . The rest of proof is similar ideas
to that of Theorem 3.1. This completes the proof of the
theorem.

The subsequent corollaries are immediate consequence of
Theorem 4.1 concerning the stabilities of (1.1)

Corollary 4.2 If YXf : is a mapping satisfying the

functional inequality
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(4.9)

for all Xxx N ,,1  and all 0>r and 0> be a

constant, then there exists a unique additive mapping
YXA : such that
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PrxAxfP

L

|1|
,'),()( ,,  (4.10)

for all Xx and 0>r .

Corollary 4.3 If YXf : is a mapping satisfying the

functional inequality
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1=
,

1=

1=
, 

(4.11)

for all Xxx N ,,1  and all 0>r and t, are positive

constants with 1t , then there exists a unique additive
mapping YXA : such that

  






 
  N

NNr
xNPrxAxfP

t
t

L

||
,||'),()( ,, 

(4.12)
for all Xx and 0>r .

4.1  Fixed Point Type

The proof of the following theorem and corollary is similar
clues that of Theorem 3.4 and Corollary 3.5. Hence the details
of the proof are omitted.

Theorem 4.4 Assume ZX N : be a function
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satisfying the condition

   
 L

q
iN

q
i

q
i

q
rxxP 1=,,,'lim 1,   (4.13)

for all Xxx N ,,1  and 0>r . If YXf : is

a mapping such that
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(4.14)

for all Xxx N ,,1  and 0>r . If there exist a constant

)(= iLL such that
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1
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xxxxxNx  (4.15)

with the property

    rxLPrxP i
i

,'=,
1

' ,, 







  


(4.16)

for all Xx and all 0>r . Then there exists a the
mapping YXA : which is a unique additive mapping
such that

       














 rx
L

L
PrxAxfP

i

L
,

1
',

1

,, 

(4.17)
for all Xx and all 0>r .

Corollary 4.5 If YXf : is a mapping satisfying the

functional inequality
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(4.18)

for all Xxx N ,,1  and all 0>r and t, are positive

constants with 1t , then there exists a unique additive
mapping YXA : such that

 
 
 

,

,

,

( ) ( ),

'  , | 1| ;

'   | | , | | ;t tL

P f x A x r

P N r N

P N x r N N

 

 

 







  


(4.19)

for all Xx and 0>r .
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