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INTRODUCTION

In 1989 Acharya.B.D. and Hedge.S.M. Introduced a new version of sequential graph known as arithmetic graph and is defined as
follows: Let G be a graph with q edges a and d are the positive integers, the labeling f of G is said to be (a, d) — arithmetic if the
vertices are labeled by distinct nonnegative integers and the edge labels are induced by f(x) + f(y) for each edge xy are in the
formofa,a+d,a+ 2d,...,a+ (q — 1)d. A graph is called arithmetic if it is an (a, d) - arithmetic for some a and d.

Definition
A graph G is an ordered pair (V(G), E(G)) consisting of a non empty set V(G) of vertices and a set E(G), disjoint from V(G) of

edges, together with an incidence function . that associates with each edge of G is an unordered pair of vertices of G.
Definition

Walk is an alternating sequence of vertices and edges starting and ending with vertices.
A walk in which all the vertices are distinct is called a path.

Definition

A wheel graph is a graph formed by connecting a single vertex to all vertices of a cycle. A wheel graph with n vertices is denoted
by W,. Thatis W, =K, + C,_for every n>4.

Definition

A complete bipartite graph is a bipartite graph (that is a set of graph vertices decomposed into two disjoint sets such that no two
graph vertices within the same sets are adjacent) such that every pair of graph vertices in the distinct sets are adjacent.

Definition

The Cartesian product of the graphs G and H is denoted by G X H and defined the vertex set of G X H is the cartesian product
V(G) x V(H) and any two vertices (u,u) and (v,v") are adjacent in G X H if and only if either u = v and u' is adjacent with v’
in H oru' = v'and u is adjacent with v in G.
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Definition
Graph labeling is an assignment of labels, by integers to the edges or vertices or both of a graph.

A labeling or valuation of a graph G is an assignment of labels to the vertices of G that induces for each edge xy a label
depending on the vertex labels f(x) and f(y).

Definition

A graph is said to be an arithmetic if its vertices can be assigned distinct non negative integers in such a way that the value of the
edges are obtained as sum of the values assigned in an arithmetic progression.

Theorem

Let the graph G be the cartesian product of Wyand P, thatis W, x P,
Where n>0is an (a,l) - arithmetic graph.

Proof
Let G = Wyx P, where n > 0. Then the graph is represented in (Figure: 1)as below.

Vo1

Vn, 1

Figure 1

Let V be the vertex set of G and is denoted by V(G) = {Vij/l <isml1<j< m}

Define f:V(G) - N. Now we are giving the label to the vertices of G as below
If 'i' is Odd

f(vi_]-) =5i4+j—4 forall i where 1 <i <n forall oddn (or)

1<i<n-—1 forallevenn; j=123. €8
f(vi‘j) =5( —1)forall i where 1 <i<nforall oddn (or)
1<i<n-—1 forallevenn; j=4 2)

If 'i' is even
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[ — 2
f(vi_]-) =2[3i—(lT)—j]—1 forall i where 2<i<n-—1foralloddn

(or)2<i<nforallevenn; j=123

f(vi,j) =ij+({—2)forall i where 2<i<n-—1foralloddn
(or)2<i<nforallevenn; j=4

The edge labels induced by f(uv) = f(u) + f(v) are as follows
f(VijVisrj) =10k +2 — jwhere 1<k <n; j = 12,34

If 'i" is Odd

f(vi_rvi_t) =r+t+2+({(—1)10forall i where 1 <i<nforalloddn
(or)1<i<n-—1forallevenn; r=12; t =23

and r#t
f(vi_rvi_t) =10i+r—9forall i where 1 <i<nforalloddn

(or)1<i<n-—1forallevenn; r=123;t=4
If 'i' is even
f(vi;vie) =2[5i+1—(r+t)]forall i where 2<i<n-—1foralloddn

(or)2<i<nforallevenn; r=12;t=23 and r #t
f(vi_rvi_t) =({t—-r)+[t—(r—-1]+10G—1) forall i

where 2<i<n-—1foralloddn (or)2 <i<nforall evenn;
r=123;t=4

Clearly the edges are labeled as f(E(G)) ={a,a+d,a+2d,..,a+ (q—1)d}.
Therefore, f is an arithmetic labeling.

Hence the graph G = W, X B, is an (a, 1)- arithmetic graph.

Vs 3 (24)

Example
Consider the graph G =W, X Ps
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Here,n=15;q=46
The vertex label are as given below.

Equation (1) :f(vi,j) =5i+j—4 Voddi wherei=1,3,5,...,n; j = 1,2,3

When i= 1,3,5; ] = 1,2,3 :f(vl,l) = 2; f(vl'z) = 3; f(vls) = 4’; f(US,l) = 12;

f(vs2) =13; f(vas) =145 f(vs1) =225 f(vsz) = 23; f(vs3) = 24.
Equation (2) = f(v;;) = 5({ — 1) YV oddi where i=135,...n; j = 4
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When i=135; j = 4 =f(vy4) =0; f(vss4) = 10; f(vs,) = 20.
Equation (3) :f(vi‘j) =2 [31’ - (%) —j] —1Veveni where i=24,...,(n-1); j = 1,2,3

When i =24; j = 1,23 = f(vy1) =9 f(v22) =7 f(v23) =55 f(vay) = 19;
f(v4,2) =17 f(174,3) = 15.

Equation (4) :f(vi‘j) =ij+({—2) Veveni where i=24,...,(n-1); j = 4

wheni =24; j =4 = f(v2_4) =8; f(v4_4) =18.

The edge labels are given as below

Equation (5) = f(vjj Vi+1,;) = 10k + 2 — j where k=1,23,...,n; j=1234.

When k=12,34,5; j=1234 = f(v11 1) = 11 f(v1 v31) = 21; f(v31 vs1) =31
f(v4,1 Us,l) =41; f(vl,z I72,2) = 10; f(Vz,z V3,2) = 20; f(V3,2 V4,2) = 30;

f(v4,2 vs.z) = 40; f(v1‘3 172,3) =9 f(vz,3 173,3) =19 f(v3,3 174,3) =29;

f(v4,3 U5,3) = 39; f(vm 172,4) =8 f(vz,4 V3,4) =18; f(V3,4 V4,4) = 28;

f(v4,4 v5,4) = 38.

Equation (6) :)f(vi, virt) =r+t+2+(—1)10 Voddiwherei =13,5,....n; r=12;
t=23andr #t

When i=135r=12andt=23 = f(v,,v1,) =5 f(v12v13) = 7; f(v11 v13) = 6;
f(v3,1 173.2) = 25; f(vs,z 773,3) =27, f(v3,1 v3.3) = 26; f(v5,1 vs.z) = 45;

f(vs,z V5,3) = 47; f(V5,1 I75,3) = 46.

Equation (7) :f(vi‘r virt) =10i+r—-9Voddiwherei=1,3.,5,...,n; r=1,2,3; t=4.
When i=135r=123andt=4 = f(v;1v14) =2; f(v12v14) =3; f(v13 V1) =4
f(v3,1 V3,4) =22 f(V3,2 I73,4) =23 f(v3,3 U3,4) = 24 f(vs,l 175,4) = 42;

f(vs,z 175,4) = 43; f(V5,3 175,4) = 44.

Equation (8) = f (vi, i) = 2[5i + 1 — (r + t)] Veveniwherei=2,4,..., (n-1);r=1,2;
t=23andr #t

When i=24; 1=1,2; t=23 = f(vy1 v55) = 16; f (Va2 V23) = 12; f(v21 v23) = 14;
f(v4,1 U4,2) = 36; f(174,2 U4,3) =32 f(V4,1 V4,3) = 34.

Equation (9) :f(vi_r vi,t) =({t—-r)+[t—(@r—-1)]+10(G —1) Veveniwhere
i=24,...,(n-1); r=123; t=4

When i=24;r=123andt=4 = f(vy, v54) = 17; f (V22 V2u) = 15; f(vo3 v24) = 13;
f(v4,1 U4,4) =37 f(174,2 U4,4) = 35; f(V4,3 V4,4) = 33.

In this grapha =2andd =3 -2 = 1.

The edge labels are in the arithmetic progression

a=2a+d=3,a+2d=4a+3d=5a+4d =6,a+5d =7,
a+6d=8a+7d=9,a+8d=10,a+9d =11,a+ 10d = 12,
a+11d =13,a+ 12d = 14,a + 13d = 15,a + 14d = 16,
a+15d =17,a+ 16d =18,a+ 17d = 19,a + 18d = 20,
a+19d = 21,a + 20d = 22,a + 21d = 23,a + 22d = 24,
a+23d =25,a+ 24d = 26,a + 25d = 27,a + 26d = 28,
a+27d =29,a+ 28d =30,a+ 29d = 31,a + 30d = 32,
a+31d =33,a+ 32d = 34,a + 33d = 35,a + 34d = 36,

a+ 35d =37,a+36d =38,a+37d = 39,a + 38d = 40,
a+39d =41,a+40d =42,a+ 41d = 43,a + 42d = 44,
a+43d =45,a+44d =46, a+ (q—1)d = a+ 45d = 47.

Then the graph G = W, X Ps is an (2,1)-arithmetic graph.
Theorem

The graph G = k;,,, where m, n > 0 is an (a,2) —arithmetic graph.
Proof

Let G =k, ,, where m, n> 0.
Then the graph is given in (Figure : 3) as below
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Vi
Figure 3
Let U and V be the vertex set of G and is denoted by,
U(G) ={U;/1 <i<m}and
V(G) ={Vj/1<j<n}
Define f: U(G) = N and f:V(G) = N.
Now we are giving the label to the vertices of G as below.

fw)=2n(i—1)+1 wherel <i<m.

f(v)) =2j where1 <j <n.

The edge labels induced by f(uv) = f(u) + f(v) are as follows.
f(uivj)=2n(i—1)+2j+1 where1<i<m; 1<j<n.
Clearly the edges are labeled as

f(E(®) ={a,a+d,a+2d,..,a+(qg—1d}

Therefore, fis an arithmetic labeling.
Hence, the graph G = K,,,, is an (a,2) - arithmetic graph.

Example
Consider the graph G =ky 5

v,(2) v,(4) v4(6) v,(8) 5(10)
Figure 4
Here, m=4;n=>5 and q = 20.
The vertex labels are given below.
Equation (i) = f(u;) =2n(i—1) + 1 where1 <i <m.
Wheni=1234 = f(u) = 1; f(up) = 11; f(u3) = 21; f(u,) = 31.
Equation (ii) = f(v;) = 2j where 1 <j <n.
Whenj=1,2,34,5 = f(v,) =2;f(vy) =4; f(vs) =6; f(v,) =8; f(vs) = 10.
The edge labels are given below
Equation (iii) = f(uivj) =2n(i—1)+2j+1wherel<i<m;l1<j<n
Wheni=1,2,34andj=1,2,34,5 = f(u,v,) =3; f(wyv,) =5; fluv3) =7;
fuvy) =95 f(uyvs) = 11; f(upvy) = 13; f(upv,) = 15; f(upvs) = 17;
fluyv,) =19; f(uyvs) = 21; f(usvy) = 23; f(usv,) = 25; f(uzvs) = 27;
flusv,) = 29; f(uzvs) = 31; f(uyvy) = 33; f(uav,) = 35; f(uvs) = 37;
f(usvy) = 39; f(uyvs) = 41.
In this grapha =3 andd =5—-3 = 2.
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The edge labels are in the arithmetic progression
a=3,a+d=5a+2d=7,a+3d=9,a+4d =11,a+ 5d = 13,
a+6d=15a+7d =17,a+8d =19,a +9d = 21,

a+10d = 23,a+ 11d = 25,a + 12d = 27,a + 13d = 29,

a+14d = 31,a+ 15d = 33,a + 16d = 35,

a+17d =37,a+18d = 39,a+ (q — 1)d = a + 19d = 41.

Then the graph G = K, 5 is an (a, 2)-arithmetic graph.

Theorem

The graph G = k., , where m, n > 0 is an (m,1) — arithmetic graph.

Proof

Let G =k, , where m, n> 0. Then the graph is given in (figure: 5) as below

v
Figure S

Let U and V be the vertex set of G and is denoted by
U(G) ={U;/1 <i<m}and
V(G) ={Vj/1<j<n}
Define f: U(G) = N and f:V(G) — N.
Now we are giving the label to the vertices of G as below.
fw)=>G—-1) wherel<i<m. ... (a)
f(vj)) =mjwherel<j<n. . B)
The edge labels induced by f(uv) = f(u) + f(v) are as follows.
f(ul-v]-)=i+mj—1wherel£i£m; 1<j<n )

Clearly the edges are labeled as

f(E(G)) ={a,a+d,a+2d,..,a+ (q—1)d}
Therefore, f'is an arithmetic labeling.

Hence, the graph G is an (m,1)-arithmetic graph.
Example

Consider the graph G =k; 5

v(3) v,(6) vi(9) v,(12) vi(15)

Figure 6
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Here, m=3;n=5and q=15

The vertex labels are given below.

Equation (@) = f(y;) = (i —1) where 1 < i < m.

Wheni=1,23 = f(u) =0; f(u,) =1; f(uz) = 2.

Equation () = f(v]-) =mj wherel1 <j <n.

Whenj=1,2,345=f(v,) =3;f(vy) =6;f(v3) =9; f(v,) = 12; f(vs) = 15.

The edge labels are given below

Equation (y) = f(uivj) =i+mj—1wherel<i<m1<j<n

When i=1,2,3; j=1,2,3,4,5 = f(uvy) = 3; fluv,) =6; f(uyv3) =9;
fuvy) = 12; f(uyvs) = 15; f(u,vy) =45 fuyv,) =7; f(u,vs) = 10;
fluyv,) = 13; f(uyvs) = 16; f(usvy) =5; f(uzv,) = 8; f(uzvs) = 11;
f(usvy) = 14; f(usvs) = 17.

In this grapha =3 andd =4-3 = 1.

The edge labels are in the arithmetic progression
a=3,a+d=4a+2d=5a+3d=6,a+4d =7,a+5d =8,
a+6d=9a+7d =10,a+8d =11,a+9d =12,a + 10d = 13,
a+11d =14,a+12d = 15,a+ 13d = 16,a+ (¢ — 1)d = a + 14d = 17.
Hence G = K35 is an (m, 1) = (3,1)-arithmetic graph.

Corollary

Let k., , be a complete bipartite graph (X,Y) with m, n vertices. The graph G is obtained from k,, , by joining the end vertices of
same partition with an edge then G is an (m-1, 1) — arithmetic graph.

Proof

Let k,, be a complete bipartite graph (X, Y) with m, n vertices. The graph G is obtained from k, , by joining the end vertices of
same partition with an edge.

Then the graph G is given in (Figure: 7) as below

Figure 7
Let U and V be the vertex set of G and is denoted by
U(G) ={U;/1 <i<m}and
V(G) ={Vj/1<j<n}
Define f: U(G) —» N and f:V(G) - N.
Now we are giving the label to the vertices of G as below.
fwu)=G—-1 wherel<i<m. .. (A)
f(v]-) =mjwherel <j<n. . (B)

The edge labels induced by f(uv) = f(w) + f(v); f(uuy,) = f(uy) + f(uy,);
fwiv) = f(vy) + f(v,) are as follows.

fluv))=i+mj—1wherel<i<m; 1<j<n. ... (C)
fuuy) =m—1 wherem>0 (D)
f(viv,) =mn+m wheremn>0 . (E)
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Clearly the edges are labeled as

f(E(G)) ={a,a+d,a+2d,..,a+ (q—1)d}
Therefore, f'is an arithmetic labeling.

Hence, G is an (m-1,1)-arithmetic graph.

Example

Consider the graph G is a kq3 complete bipartite graph with 7 vertices and the end vertices which are connected by the same
partition.

Figure 8

Here, m=4;n=3and q= 14

The vertex labels are given below.

Equation (A) = f(u;) = (i —1) where1 <i <m.

When i =1,234=f(u) =0; f(uy) =1; f(uz) =2; f(uy) =3.
Equation (B) = f(v]-) =mj where1 <j < n.

When j=123 =f(v,) =4; f(vy) =8; f(vs) = 12.

The edge labels are given below

Equation (C) = f(uiv]-) =i+mj—1wherel<i<m; 1<j<n
When i=1,234andj=1,23 = f(wyv,) =4; f(yv,) =8; f(uvs) = 12;
fuvy) =5 f(upvy) = 95 f(upvs) = 13; f(usvy) = 6; f(uzv,) = 10;
f(usvs) = 145 f(uyvy) = 7; f(uyvy) = 11; f(uyvs) = 15.
Equation (D) = f(wu,,) = m—1 wheren> 0.

When m=4 = f(u u,) = 3.

Equation (E) = f(v,v,) = mn +m where m,n >0

When m=4;n=3 = f(v;v3) = 16

In this grapha =3 andd =4—-3 = 1.

The edge labels are in the arithmetic progression
a=3,a+d=4a+2d=5a+3d=6,a+4d =7,a+5d =8,
a+6d=9a+7d=10,a+8d =11,a+9d =12,a + 10d = 13,
a+11d = 14,a+12d =15,a+ (¢ — 1)d = a + 13d = 16.
Therefore G is an (m-1, 1) = (3, 1) - arithmetic graph.
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