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INTRODUCTION 
 

 

Cubic Diophantine equations with four unknowns are rich in 
variety [1-3]. For an extensive review of sizable literature and 
various problems, one may refer [1
communication, we consider yet another interesting cubic 
equation �� + �� = 16(�� + 3��)���    and obtain infinitely 
many non-trivial integral solutions. A few interesting relations 
between the solutions and special Polygonal numbers are 
presented. 
 

Notations Used 
 

 ��,�- Polygonal number of rank ‘n’ with size ‘m’

 ���
� - Centered hexagonal Pyramidal number of rank 

‘n’ 
 ���� – Gnomic number of rank ‘n’ 
 ���

�– Figurative number of rank ‘n’ with size ‘m’
 ���  - Pronic number of rank ‘n’ 
 ��

�- Pyramidal number of rank ‘n’ with size ‘m’
 ��� - Stella octagonal number of rank n

 

Method of Analysis 
 

The Cubic Diophantine equation with four unknowns to be 
solved for its non zero distinct integral solutions is  
 

�� + �� = 16(�� + 3��)���																											
 
 
 
 

International Journal of Current Advanced Research
ISSN: O: 2319-6475, ISSN: P: 2319-6505, 
Available Online at www.journalijcar.org
Volume 6; Issue 12; December 2017; Page No. 
DOI: http://dx.doi.org/10.24327/ijcar.2017.

Article History: 
 

Received 9th September, 2017 
Received in revised form 25th  
October, 2017 
Accepted 16th November, 2017 
Published online 28th December, 2017 

 
Key words: 
 

Cubic, integral solutions,  
polygonal numbers. 

Copyright©2017 Anbuselvi R and Jamuna Rani S
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.
 

*Corresponding author: Jamuna Rani S 
Department of Computer Applications, Bharathiyar 
College of Engineering and Technology, Karaikal, 
Puducherry, India  

 
 

 
 

 

INTEGRAL SOLUTIONS OF CUBIC DIOPHANTINE EQUATION
��(�� + ���)�� �	WITH FOUR UNKNOWNS      

 

Anbuselvi R1 and Jamuna Rani S*2 
 

Department of Mathematics, ADM College for Women, Nagapattinam, Tamilnadu
Computer Applications, Bharathiyar college of Engineering and Technology, 

Karaikal, Puducherry, India 
 

                             A B S T R A C T  
 

The cubic Diophantine equation given by �� + �� = 16
patterns of non-zero distinct integral solutions. A few interesting relations between the 
solutions and special polygonal numbers are exhibited. 
 
 
 
 
 
 
 
 

 
 
 
 

Cubic Diophantine equations with four unknowns are rich in 
3]. For an extensive review of sizable literature and 

various problems, one may refer [1-16]. In this 
communication, we consider yet another interesting cubic 

and obtain infinitely 
trivial integral solutions. A few interesting relations 

between the solutions and special Polygonal numbers are 

Polygonal number of rank ‘n’ with size ‘m’ 

Centered hexagonal Pyramidal number of rank 

Figurative number of rank ‘n’ with size ‘m’ 

Pyramidal number of rank ‘n’ with size ‘m’ 
Stella octagonal number of rank n 

The Cubic Diophantine equation with four unknowns to be 
solved for its non zero distinct integral solutions is   

																												(1) 

On substituting the linear transformations
	� = � + �	;		� = � − �		;� =
in (1),   it leads to  
 

	�� + 3�� = 16(�� + 3��)��	
 

We obtain different patterns of integral solutions to 
through solving (3) which are illustrated as follows:
 

Pattern I 
 

Assume  

� = �(�, �) = �� + 3�� = ��
 

where a and b are non-zero distinct integers 
  

Write 16 as 
  

16 = �2 + �2√3��2 − �2√3�			
 

�� + 3�� = �� + �√3	���� − �
  

Using (4), (5) & (6) in (3) and applying the method of 
factorization, define Equating the real and imaginary parts, we 
have 

� = �(2�� − 6�� − 12��) + �

� = �(2�� − 6�� + 4��) + �(
  

Hence in view of (2), the values of x, y, z are given by
 

�

� = �(�, �, �, �) = �(4�� − 12�� − 8

� = �(�, �, �, �) = �(− 16��) +

� = �(�, �, �, �) = �(4�� − 12�� − 24

� = �(�, �, �, �) =
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16(�� + 3��)��� is analyzed for its 
zero distinct integral solutions. A few interesting relations between the 

transformations 
2�																																														(2) 

) 																																																				(3) 

We obtain different patterns of integral solutions to (1) 
which are illustrated as follows: 

�� + �√3	���� − �√3	��										(4) 

zero distinct integers  

� 																																																				(5) 

�� �√3	��																																						(6) 

(5) & (6) in (3) and applying the method of 
factorization, define Equating the real and imaginary parts, we 

 

) �(− 6�� + 18�� − 12��)					(7) 
 

(2�� − 6�� − 12��)														(8) 

Hence in view of (2), the values of x, y, z are given by 

8��) + �(− 4�� + 12�� − 24��)			

) + �(− 8�� + 24��)																				

24��) + �(− 12�� + 36�� − 24��)

) = �� + 3��									 ⎭
⎬

⎫

(9) 
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Thus (9) represent integral solutions of (1) 
 

Properties 
 

1. �(�, �, �, �) + �(�, �, �, �) − �(�, �, �, �) ≡ 0 
2. �	(− 1,1, �, �(� + 1)) − �(− 1,1, �, �(� + 1)) −

64	��
� ≡ 0 

3. �(1,1, �, 1) + �(3,1, �, 1) ≡ 0	(���		16) 
4. �(1,1, �, 1) − 2�(1,1, �, 1) − �	�,�� + 24 ≡ 0 

5. �(�, �, �, �) + �	��,�� − �	��,�� ≡ 0 
 

Pattern II 
 

Rewrite (3)	��	  
 

�� + 3�� = 16(�� + 3��)�� ∗ 1 
Write 1 as 
 

1	=	
�1 + �√3	�(1 − �√3	)

4
																																																				(10) 

 

Following the procedure similar to pattern-I, the corresponding 
non-zero distinct integral solutions of (1) are found to be 
 

� =
1

2
(�(− 4�� + 12�� − 24��) + �(− 12�� + 36�� + 24��)) 

� =
1

2
(�(4�� − 12�� − 8��) + �(− 4�� + 12�� − 24��)) 

 

The corresponding non zero distinct solutions of (1) are given 
by 
 

�

� = �(�, �, �, �) = �(−16��) + �(− 8�� + 24��)							

� = �(�, �, �, �) = �(−4�� + 12�� − 8��) + �(− 4�� + 12�� + 24��)					

� = �(�, �, �, �) = �(− 4�� + 12�� − 24��) + �(−12�� + 36�� + 24��)

� = �(�, �, �, �) = �� + 3��										 ⎭
⎪
⎬

⎪
⎫

											(11) 

Properties 
 

1. �(�, �, �, 2�� − 1) + 16���� + 8�	��,�	−
24�	��,����� 	≡ 0   

2. �(1,1,1, �) − 48	��,� + 16 ≡ 0  

3. �(1,1,1, �) + �(�, �, 1, �) − 48��,� ≡ 0(���		16)	 
4. �(1,1, �, 1) + �(�, �, �, 1) ≡ 48(���	16) 
5. [�(�, �, �, �) + �(�, �, �, �)]� − ��(�, �, �, �) ≡ 0  

 

Pattern III 
 

Instead of	(5) , write 16 as 

16 =
�4 + �4√3	�(4 − �4√3	)

4
 

 

Following the procedure similar to pattern-I, the corresponding 
non-zero distinct integral solutions of (1) are found to be 

� =
1

2
(�(4�� − 12�� − 24��) + �(− 12�� + 36�� − 24��)) 

� =
1

2
(�(4�� − 12�� + 8��) + �(4�� − 12�� − 24��)) 

 

The corresponding non zero distinct solutions of (1) are given 
by 
 

�

�(�, �, �, �) = � = �(4�� − 12�� − 8��) + �(−4�� + 12�� − 24��)							

� = �(�, �, �, �) = �(− 16��) + �(−8�� + 24��)					

�(�, �, �, �) = � = �(4�� − 12�� − 24��) + �(−12�� + 36�� − 24��)	

�(�, �, �, �) = � = �� + 3��									 ⎭
⎪
⎬

⎪
⎫

											(12) 

 

Properties 
 

1. ��5,3,2, �(� + 1)� + 24(���)
� +	��,��� − ��,� −

224� = 22 

2. ��1,1, �, �(� + 1)� + 8��,� + 96	��
�	− 24(���)

� ≡ 0 

3. �(− 1,1, �, 1) + 8	��,� ≡ 24(���	16) 

4. �(− 1,1,3, �) − �(− 1,1,3, �) ≡ 0	(���	96) 
5. �(6,0,1,1) − �(6,0,1,1)				 is a nasty number 

 

CONCLUSION 
 

To conclude, one may search for other patterns of solutions 
and their corresponding properties. 
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