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INTRODUCTION
Definition
Let 4 be any g-algebraon the set X. 9 be a set function defined on A s.t.

© Copy Right, Research Alert, 2015, Academic Journals. All rights reserved.

1. —wo <9 <wand U takes at most one of the values-co and .
2. 9(gp)=0
3. 4 is Countably additive, then 9 iscalled a Signed Measure on the space (X, ¢4, 9).

Exampre

1. Letubeany measureand 9 = — pu, thend isasigned measure.
2. Let) and p be any two measures s.t. at least one of them is finite. Take 9 = 1 - u. Then 9 isasigned measure.

Properties
1. Jisfinitly additive.
Proof

Let E; Ep ...... ,En be finitly many disjoint measurable sets. And E=UiL, Ei, Define E; =¢b for i> n. Then (Ei) is a digoint
sequence of measurable sets, Hence 9(U™, Ei) = Y7, 9(Ei).

2. If 9(E) is finite and F is a measurable subset of E, then9(F) is finite.

Proof

E=FU(E-F) = 9(E) = 9(F) + 9(E — F) , Since 9(E) is finite it followsimmediately that 9 (F) is finite.

3. dissubtractive i.e. if A D B be the measurable sets, and 9(B)is finite and then 9(A — B) = 9(A) —I(B).
Proor”

A=BU(A-B) = 9(4) = 9(B) +9(A—B) = 9(A — B) = 9(A) —9(B).

Example

Signed measure may not be monotone.

4. Let (R, M, m) be L' measure space and A is the unit measure concentrated at 0, defined on M.

_ _(0if0gE
Letd=1—m, A(E)_{W gl
then ¥ isasigned measure. [Because A is finite]

Let E=[0,1] and F=(0,1) and G =[O, %] thenF E, G FE and 9(F) <9(E),9(G) > 9(E). Henced is not monotone.
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Let { En} be any sequence of dis|oint measurable sets, and then > ;_; 9(En) is either properly divergent or absolutely convergent.
Proof”

E=Uj Enthen 9(E) =3 ;- 9(En).

Case 1

Let 9(E) = o ,then ) _9(En) = Y;_,9(En) is properly divergent.

Case IV

Let 9(E) = —oo,then Y _; 9(En) = —0 3 ;_, 9(En) is properly divergent.

CaseITr

Suppose 9 (E) is finite. Let (Fn) be any permutation of (En) , then 35—, 9(Fn) is a derangement of },,;_, ¢(En).

Since (Fn) isadigoint sequence and U7 Fn=U7 En, therefore 9(U7 Fn) = 9(UT En)=9(E) = >, _, I9(Fn) = I(E)
Which shows that every derangement of 3, 9(En) is convergent. Hence ¥';_; 9(En) is absoiutely convergent.
Definition

Let N be any measurable set such that 9(M) =0 for every measurable subset M of N. Then N iscalled anull set of 9.
Remark

1. A measurable sub set of anull set is anull set.
2. A countable union of null sets is a null set.

Let { Ny} be any sequence of null sets for 9, write N = U;=; N;, and M be any measurable subset of N.

Define M, =N;, M, = N,—N;, M3= N3-(N; UNy), ..o

Then { M, } is adis oint sequence of Null sets, and U;—; M= U1 N;=N

M N M=MnaN=Mn[Ujiy MJ]=Ui [MnM] 9M=Fi,9(Mn M,)=0. [AsM,isanull set]
Proved.

Definition

Let 9 be any signed measure and P is a measurable set s.t. 9(E) = 0 for every measurableset E P, then Piscalled a Positive set
for 9.

Let Q be any measurable set such that 9(E) < O for every measurable set E of Q , then Q is called a Negative set for 9.
Example
Let (R, M, m) be the L-measure space, A be zny unit measure concentrated at 1. then 9 = A — m is asigned measure.
Let P be a countable set of R, Let E be any measurable sub set of P
S(E) = A(E) —m(E) = A(E) = [
J(E) =0 E P = Pisapositive set for J.

0if1 ¢E
1if 1 €E

Further iet Q beany L -measurablesetst. 1 Q.

Let E be any measurabie sub set of Q then 9(E) = A(E) —m(E) =0—m(E) = —-m(E)<0 [ Becausel E]=Qisa
Negative set for 9.

Remark

1. Every measurable subset of positive set is a positive set.
2. A Countable union of positive setsis a positive set.

Let (Pn) be any sequence of Positive sets and P=U(Pn), Define T1= Py To=Py-Py, T3=Ps-(P1 Py, .......
Then (T,) isadigoint sequence of Positive setsand P = L;JPn = QJTn

Let E be any measurable subset of P.

Then E = En P =En (L;JTn) - L;J(E NTh)  w(E)=3 _ v(EnTn)=0

Showsthat P is a positive set for v.
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Lemma

Let E be any measurable set with0 < v(E) < o, then apositivesub set A of Est. 0<v(4) < .
Proof

If E isapositive set then no further argument is needed.

Suppose E is hot a positive set, Then there are two cases.

Casel

Suppose there exist finitly many disjoint measurable subsets E1, E2,..... .....E, of E such that v(E;) < 0 and E-EQE" is a positive
L x .

set , Take F--=£_l=JlE¢-, EicE=v(E) <wforisi<n=v(F) =) _ v(Ei) is finite.

Let P = E-F then P is a positive set, v(E)is finite as Pc Eand v(P) = v(E) —v(F) > v(E) [Asv(F)<0] O<v(E)<

v(P) < o O0< v(P) <.

Case 1

Suppose that the case (I) does not hold, that there is some E which is not a positive set, that E contains at least one set of negative
measure.

Let n; be the smallest positive integer such that E contains a measurable set E; with v(E;) <— ;1—
1

Consider £ — E; then by supposition E — E; is not apositive set. That means E — E; contairs a set of negative measure. Let n,
be the smallest positive integer such that E — E; containsameasurable set E, with v(E;) ﬁ—niz

Now E — (E;UE,) is not apositive set.

By repeating the above argument indefinitely , we obtain a sequence {E,} of digoint measurable subsets of E and a sequence
()=, of positive integers such that n, is the smallest positive integer with the property that £ — (1]:.&1) contains a measurable

st E, with v(E;) < ——
k
DefineA=E — (klijib‘k) as A is a subset of E, we have v(A)s finite.

By the same argument v(}UlEk) is finite.
k=

Since v is subtractive (under the condition of finiteness)

£

£ |

We have v(4) = v(E) — v(kI::JIEk) = v(E) =Y " v(E) = v(E)

Therefore 0 <v(E) < v(A) <o = 0 <v(A) <. Now to show that A isapositive set.
Asv(E,)< Fnlk = nik <-v(Ep) = nik <| v(E)| and T}, v(E;) is absolutely convergent.  [As ) |_ v(E;) = v(UE,) is finite]

Therefore by comparison test} i convergent

=1 Tk
1

koo N nE-1

A has no measurabl e subset of measure <-

k-1
lim (i) =0, Let & > 0 chose k such that ;1—1 < . By the choice of n,, theset F — (U Ei) contains no set of measure <-
K~ F—
1 =1
ng—1
A has no measurable sub set of measure<-¢ =2 v(§)=0 S A
A isapositive set and lemmais proved.

Note: Every measurable set of finite positive measure contains a positive set of finite positive measure.

Hatin Decomposition Theorem

Let v be any signed measure then there exist a measurable set P such that P is a positive set and X- P is a negative set for v.
Proof

Assume that v does not take the value

Let a = Sup{ v(A) | A is a positive set for v}. By the property of superemum, there exist a sequence { 4,,} of positive sets such
that v(A,) - . Let P = L;JA,I . then P is a positive set for v,

To show that X- P is anegaiive set for v. Before this we heave t0 show that v(P) = «.
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Since P is a positive set, by definition of @« weget v(P) < « P (/1)
AsP=UA, wehave A, < P ¥n
1
P=Ar+(P - Ay)
v(P) = v(A,)+v(P —4,) = v(4,)
v(P) =limp.v(4,) = v(P)=a e, 2

From (1) and (2) we have v(P) =

To show x-Pisanegative set Tor v.

Suppose this is not so. Which means there exist ameasurable set for E X-Psuchthat v (E) =0

By first assumption v(E) <

ThusO<v(E) <

From the preceding lemma we can find a measurable set A E suchthat A is a positive set and 0 < v(4) < o
Let S=PU A, then S is a positive set for v [AsPise positive set]

AsPn A=¢, weget v(S) = v(P) + v(4) > v(P) [Because v(A) = 0, v(P) isfinite]
v(§) > a whichis a contradiction to the choice of «a,

Hence X-P must be a negative set.

Definition

Let v be any signed measure on X. Let P be a measurable set such that P is a positive set and X-P is a negative set for v. Then the
pair (P, X-P) is called Hahn Decomposition for v.

Remark

The above theorem shows that every signed measure has a Hahn Decomposition. We now wish to know about the uniqueness.
The following example shows that Hahn-Decomposition may not be unique.

Exampfe
Let (R, M, m) be L'- measurable space, A be the unit measure on R concentrated on 1.
Define v = A —m ,then v is a signed measure on R.

Let P be any countable set of R such that | € P. Let EC P be measurable then

0if1 ¢E
1if 1 €E

Showsthat P is a positive set for v.
LetF R — P be measurable then v(F) = A(F) ~m(F)=—m(F) <0 [Becausel R—-—PandFc R—P = A(F)=0]

v(E) = A(E)—m(E}=A(E)={ [as m(E) =0

Showsthat R — P is anegative set for v.
Hence (P, R — P) is a Hahn-Decomposition for v.

Further Let N be the set natural numbeys and Z be the set of integers. Then it follows that (N, R — N) is a Hahn-Decomposition
and (Z, Z — N) is also a Han-Decomposition for v.

However we note thatv(Z—N)=A((Z—-N)—-m(Z-N)=0-0=0 = v (Z—-N)=0 [MZ—N)=0as1¢
(Z — N) and m((Z — N) = 0 as (Z — N) is countable]

Let T~ (Z — N)be measurablethen A(T) = v(T)— m(T)=0

By the same argument shows that Z — N is anuii set for v. [tisclear that Z — N is also anull set for v.

The following theorem brings out the fact clearly.

Theorem

Let (P,X — P) beany Hahn-Decomposition for v, (S, X-S) isaHahn-Decomposition iff PAS isanull set.

Proof

Suppose (S, X-S) isaHahn-Decomposition for v.

Let F ¢ P—S measurablethen v(E) =0and v(E) <0 [As E P andE X—S] w(E)=0 P-Sisanull set.

Similarfy we can show that S — P isalso anull set.
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Hence PAS =(P-S) (S—P) isanull set.
Conversely
Suppose that P AS is a null set then P-(PAS) = P n S ismeasurable.
Also (PAS)-P=SPismeasurable (PnS) (S—P)smeasurable= (PnS) (S—P)=Sismeasurable.
Let ECS be measurable then E= EnX=En(PUX-P) = (EnP) (EnX-P)=(EnP) (EnS—P)
[Because E c S]
w(E) =v(ENP)+ v(ENS—P)=v(ENP)=0 [ssENSand S — P arenull sets]
Sisapositive set.
To show that X-Sis a negative set. : ) )
LetFc:X—Sbcmeas_urablethenF=an:Fn[X—P UPl=Fn X-P)U(FNP)=(FnX—-P)u(P—S) [BecauseF X-§|
~v(F)=v(Fn X—P)+v(P-S5) [P-Sisanull set]
=v(FNX—-P)<0 [ X-Pisanegative set]
Shows thet X-Sisanegative set for v, Hence proved.
Note: Above said theorem can also be stated as that Hahn-Decomposition is unique up to null sets.
Definition
Let v be any signed measure and S be any measurable subset of X. if X-S isanull set for v. Then we say that v is supported on S.
Definition
Let vy, v, be two signed measures, then there exist a meesurable set S st. v, is supported on Sand v, is supported on X-S .
Then we say that v, is orthogonal or singular to v, and we write as vy 1 v,.
Remark: v, 1 v, & v, 1 v, thereforewe can say that v; and v, are mutually orthogonal.
Jorden Decomposition Theorem
Statement

Let v be any signed measure, Then there exist a unique pair (v, , v,) of non negative measures such that at least one of them is
finteand v; 1 vy andv = v; — v,.

Lemma L

Let v be asigned measure S be any measurable set and v'(E)=v(E n S) for every measurable set E. Then v' is a signed measure
and v’ is supported on S.

Proor”

Itisclear that v' is a signed measure.

To show that it is supported on S, Take E X-S be measurable then v'(E)= v(E n S)= v(¢)=0

Which shows that v is is supported on S.

Lemma 2

Let v be any signed measure on X. S be any measurable sub set of X then for any measurable set E Define v, (E) = v(E n S) and
(E)= —v(EnX i S) then

1. v, and v, are signed measures.

2. v, issupported on Sand v, is supportedon X-Sand v; L1 v,.

3. v=1v— v,

4. If (§,X-S) is a Hahn-Decomposition for v then v; and v, are both non negative and atleast one of them is finite.

Proaj
(1) and (2) are follows from Lemma (1).
(3)Let E cX be measurable then E=EnX=EN(SUX — S) = (EN S) U (E n NX — )
v(E) = v(ENS)+ v(En NX —5) =v; (E) — 1,(B)= (3 — v,)(E)
Showsthat v = v, — v,.
(4) Let (S, X-S} is aHahn-Decomposition for v, E« X be measurable then
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n(E)=v(ENS) =0 [Because Sis a positive set]
v(E)=-v(EnNX —5) =0 [Because X-Sis anegative set]
Shows that v; and v, are both non negative.

Further if v does not take the value + o« then v, is finite .and if v does not take the value + oo then v, is finite. This proves the
Lemma.

Lemma 3

Converse of the Lemma (2)

Let v, and v, arc both non negative measures. Then atleast one of themisfiniteand v = v; — v,. Then

1. visasigned measure.
2. If vy 1 v, then v, issupported on Sand v, is supported on X-S.

3. Then (S, XS} iseaHahn-Decomposition for v and v, (E) = v(E N S) and v,(E) = —v(ENX - S) V¥ measurable set E.
Proof

(1) isobvious.

(2) Let v, issupported on S and v, is supported on X-S.

E S bemesasurable. Then v(E) = v (E) — v,(E)=1v,(E) = 0 [Bacause v, =0on ]
Showsthat Sis a positive set for v.

Let F X — S bemeasurablethen v(F) = v, (F) — vo(F)=—v,(F) <0 [v, 20,7, =00n X-
Shows that X-S is negative set for v,

(3) Finally Let EC X be measurable then v, (E) = v,(E N S)+ v, (E nNX — S)

= (EnS)=v(ENnS)-v,(ENS)=v(ENS) [vy7=00onX-Send v, = 0on S]

In the same manner v,(E)=-v (E nNx s s).

Proof of thetheorem

Let (P, X-P) be a Hahn-Decomposition for v. B

For ameasurable st E define v, = v(E nP) and v, =-v(En NX —P).

Then v, and v, are signed measuresand v; 1 vy, and atleast one of them isfiniteand v = v; — v,.

Which proves the existence part of the theorem.

Unigueness

Suppose that (v; , v,) be another pair of non negative measures such that v; 1 v,and at least one of them is finite and v = v; —
v,. Sincev, L v,

There exist a measurable set S such that (S, X-S) is a Hahn-Decomposition for v = v; — v,.

As Hahn-Decomposition is unique up to null setswe have PA Sisa null set.

Let E be any measurable set.

Then by Lemma (3) vi=v(ENS)= v[(ENSNPYU(ENSnP)I=v[(EnSNP)+v[(ENn(SnP)]=v[(ENSn
P)] +v [(E ns-— P)]—- v[(ENSnP)] [Because P A S is anull Set] ..oovvervenn.. (L)

Also vy (E) = v(ENP)=v[(EnSAP)UENPAS)=v[(EnSnP)]+ v[(EnP-5)|[cvl(EnsnP)]

[Becewee PA Sisanull set] ............... 2
From (1) and (2) we get v, (E) = v, (E) Y E X
In the same manner v,(E) = v,(E) VY E-: X v, = v; and v, = v, which completes the proof.
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